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1. Probability Space

1.1. Probability Space

Definition 1.1

Let Q be a set. A collection of subsets F forms a o-algebra if
(@ ©€F.
(b) A€ F implies A° € F.
(c) If A; € F are countably many sets, U;A; € F.

The dual (Q, F) is called a measurable space and the sets falling in ¥ are said to be mea-

surable.

Definition 1.2

Let (Q, F) be a measurable space. A set function u : ¥ — [0, ] is a measure if
(@) pu()=0.
(b) For countably many disjoint A; € F, u(U;A;) = 25 u(Ap).

The triple (Q, F, u) is called a measure space.

Definition 1.3
A probability space is a measure space (Q, F,P) such that P(Q) = 1.

Lemma 1.4
Let S be a collection of sets. Then there exists the smallest o-algebra containing S.

Proof. Let ¥ be the intersection of all o-algebra containing S. ¥ is non-empty since the
power set is a o-algebra containing S. Now it is clear that @ € ¥ since @ € A for every
o-algebra A contiaining S. If A € ¥, A € A for all A containing S and A € A for all
A. Thus A€ € ¥. Finally, if A; € ¥ are countably many sets, then each A; lies in every A
containing S; so does U;A; and thus U;A; € . The minimality follows by the construction of
F. [ ]

Definition 1.5

For any collection of sets S, the smallest o-algebra is denoted as o (S).

Theorem 1.6
Let (Q, F,P) be a probability space. Then

(@ IfA,B € F and A C B, then P(A) < P(B).

(b) For countably many A; € F, P(U;A;) < X; P(A)).
(c) If A; / A, P(A;) — P(A).

@ If A \y A, P(A;) = P(A).



Proof. (a) and (b) are clear. For (c), write E; = A; — A;_1 and Ag = @. Then since E; are
disjoint and A, = U E;,

P(Ay) = P(UL,E) = 3 P(E) — Y P(E;) = P(UE;) = P(A)
i=1 i

asn — oo.
For (d), note that AY 7~ A°. Thus 1 - P(A4;) = P(A{) — P(A°) = 1 - P(A). Thus
P(A;) — P(A). [ ]

Definition 1.7
The Borel o-algebra is the o-algebra generated by all open sets.

Definition 1.8
Let P be a probability measure on (R, B). The distribution function F is defined as

F(x) = P((~o0,x])

for x € R

Proposition 1.9
The distribution function in (R, B) satisfies that

(@) F(x) < F(y)forall x <y.
(b) F(x) > F(y)asx — y*.
(¢c) F(—o) =0and F(c0) = 1.

Proof. For (a), note that (—co, x] € (-0, y] and

F(x) = P((=00,x]) < P((=00,y]) = F(y).

For (b), notice that for x, — y*, (—oo,x,] Y\, (-0, y]. Hence

F(xn) = P((=00,x,]) = P((=00,y]) = F(y).

Similarly, taking x,, — +co gives (c). [

Definition 1.10

A collection S of sets is called an algebra if
(@ 2 €S.
() If A € S, then A€ € S.
(c) IfA,B€ S, then AUB € S.

Remark
An algebra is closed under finite unions. It is also clear that a o-algebra is an algebra, while

the converse is not true. An example is the collection of all finite unions of intervals in R.
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Definition 1.11
A collection S of sets is called a semi-algebra if

(@) IfA,B€ S, then ANBe€S.

(b) If A € S, then A€ can be written as a finite disjoint union of sets in S.

Remark
A semi-algebra must contain @ since for any A € S, A = U;A;, where A; € S are disjoint.
Then ANA1 =2 ¢€S.

Remark
An example of being a semi-algebra but not an algebra is the collection of all intervals of the

form (a;, b;] for —o0 < a; < b; < co with the empty set.

Lemma 1.12

If S is a semi-algebra, then S = {finite disjoint unions of sets in S} forms an algebra.

Proof. Tt has been shown that @ € S. For A, B € S, write A = UL,4; and B = U, B; for
disjoint A;, B; € S, respectively. Then AN B = U; ;(A; N B;) € S. Thus § is closed under
intersection. Now if A € §, A = UL A; for disjoint A; € S. Then A€ = N ,A7. By the
definition of semi-algebra, A can be written as a finite disjoint union of sets in S and thus
Af € S. Since S is closed under finite intersection, A¢ = N A7 € S. Finally, for A, B € S,
AUB = (A°N B°)° €8. We conclude that S is indeed an algebra. ]

Definition 1.13
Suppose S is a semi-algebra. S = {finite disjoint unions of sets in S} is called the algebra
generated by S.

Definition 1.14
Let S be an algebra. A set function ug : S — [0, ] is called a premeasure if

(@ po(@) =0.
(b) For countable disjoint A; € S such that U;A; € S,

Ho(U;A;) = Z,UO(AI)'

Theorem 1.15
Let v be a set function on a semi-algebra S such that v(@) = 0. Suppose that

(@) if A€ Sand A = U!_| A for disjoint A; € S, then v(A) = ¥'_; v(A));
(b) if A; € S are countably many sets and A = U;A; € S, then v(A) < 3; v(A)).
Then v can be extended to a unique premeasure [ on the algebra generated by S.

Proof. We first show the existence. From lemma 1.12 we know that S generates an algebra

A = {finite disjoint union of sets in S}. Define our candidate ug by uo(A) = 3, v(A;) for



A = U;A; where A; € S are disjoint. To see that ug is well-defined, suppose A = U;B; for
disjoint B; € S. Observe that

A; = Uj(AiﬁBj) and B; = Ul'(Al'ﬂBj)

are finite disjoint unions. Then

DovlA) = > VAN B) = > Y v(AinB)) = > v(B))
i Joi J

i

by (a). Thus pg is well-defined.

Now we check that ug is a premeasure. Clearly uo(@) = 0. For finitely many disjoint
A; € A such that U;A; € A, we can write A; = U;B;; for disjoint B;; € S. Then (a) implies
that

Ho(YiA;) = uo(Y; ;Bij) = Z v(Bij) = Z Z,UO(Bij) = Z#O(Ai)-
i.j i i

Next, for countably many disjoint A; € A such that A = U;A; € A, write A; = U;B;;,

where B;; € S are finite disjoint for each i. Then uo(A;) = X; v(B;;) and

Z Mo(A;) = Z Z v(B;j).
7 i

Without loss of generality, we may choose A; to be those in S since otherwise we can replace
A; by B;;. We assume that A; € S from now on. Since A € A, A = U;(; for finite disjoint
C;ieS. C = Uj (Cin Aj). Thus (b) gives that

v(Cy) < Z v(Cin Aj).

J

Then

Ho(A) = D v(C) < ) D vCinA =) > v(CinA) = ) v(A) = ) o(4)).
i J i

i J J

For the opposite inequality, set B, = U, A; and C, = A — B,. Since A is an algebra, C,, € A
and the finite additivity shows that

n

Ko(A) = D" Ho(A) + po(Ca) 2 ) Ho(A)).

i=1 i=1

Taking n — oo gives the desired inequality and thus yg is o-additive on A.
Finally, if u; is another premeasure on A extending v, then for A = U;A; for disjoint
A; €S,
p1(A) = > v(A) = po(A).
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Definition 1.16
A collection of sets P is called a n-system if A, B € P implies AN B € P.

Definition 1.17
A collection of sets L is called a A-system if

(@) Qe L.
(b) IfA,Be Land AC B, then B— A€ L.
(c) If Aje Land A; /" A, then A € L.

Theorem 1.18 (Sierpinski-Dynkin 7-1)
If P is a n-system and L is a A-system containing P, then o(P) C L.

Proof. First we show that a collection S is a o-algebra if and only if it is both a 7-system
and a A-system. Suppose first that S is a 7-system and a A-system. 2 =Q-Q e S. IfA € S,
then A“=Q—-A€S8.For A,BeS,AUB = (A° N B°)¢ € S since we have shown that S is
closed under complement and intersection by being a 7-system. Thus § is also closed under
finite unions. If A; € § are countably many sets, let B, = U’ ;A; € S. Then B, /" U;A; and
thus U;A; € S.

Conversely, if S is a o-algebra, then for A,B € S,ANB = (A°UB)“ €S. Thus Sisa
n-system. If A,Be Sand A ¢ B,then B— A =BNA° € S. Finally,if A; € Sand A; 7 A,
then A = U;(A; — A;_1) € S with Ay = @. Thus S is a A-system.

Now set L to be the smallest A-system containing . It suffices to show that L is also a
m-system and thus by the above conclusion, £ is a o--algebra containing #; hence o (P) C L.

To show that £ is a n-system, let A,Be L. IfA,Be P,ANnB e P c L. To extend the
result for general A, B € L, we first fix B € # and define

Lg={A|ANBeL}.

We claim that L3 is a A-system containing P. For A € P, AN B € L. Thus # c L. Clearly
Qe L. IfE,Fe Lgand E C F, then

(F-EYnB=(FNB)-(ENB) e L.
Thus F — E € L. Finally, if E; € Lpand E; / E, then
ENnB=U;(E;,NB) e L.

Hence E € L and we conclude that £Lp is a A-system. Since it is a A-system containing #,
it also contains the smallest 1-system £ with the intersection property. Thus AN B € L
whenever A € £ and B € P.



Next, fix A € £ and define L4 = {B| AN B € L}. Clearly L4 contains £ and Q € L,. If
E,Fe Ljand E C F, then

(F-E)YNA=(FNA)—-(ENA)e L.
Thus F — E € L4. Finally, if E; € L4 and E; /" E, then
ENA=U(E;NA)e L.

Hence E € L4 and we conclude that £ 4 is a A-system. Since it contains £, A, B € L implies
AN B € £L;in other words, £ is a 7-system and the proof is complete. [

Corollary 1.19
Let u and v be two probability measures agreeing on a n-system P, i.e., u(A) = v(A) for all
A € P. Then u(A) =v(A) forall A € o (P).

Proof. Put
L={A]pu(A)=v(A)}.

We claim that £ is a A-system containing . It is clear that by our assumption, ¥ c £ and
Qe L.IfA,Be L and A C B, then

u(B —A) = u(B) — u(A) =v(B) —v(A) = v(B - A).
Thus B— A € L. Finally, if A; € £ and A; " A, then
u(A) = lim p(4)) = lim v(4)) = v(A).

Hence A € £ and we conclude that £ is a A-system. By the Sierpiriski-Dynkin -1 theorem,
o(P) c L;in other words, u and v agree on o (P). [

Definition 1.20
A measure u on a measurable space (Q, F) is called o-finite if there exists countable A; € F
such that U;A; = Q and u(A;) < .

Definition 1.21
A set function u* : 2% — [0, ] is called an outer measure if
(@) u*(2)=0.
(b) If A C B, then u*(A) < u*(B).
(c) For countably many A; C Q, u*(U;A;) < X 1" (A)).
Definition 1.22

Let u* be an outer measure. A set A C Q is said to be Carathéodory measurable or u*-



measurable if for all E C Q,
W(E) = p*(ENA)+u (ENA°).

Lemma 1.23
Let u* be an outer measure on Q. Then the collection of all u*-measurable sets forms a o-

algebra ¥ and u*|# is a measure.

Proof. Put
F={AcCQ|u"(E)y=u"(ENnA)+u (EnA°) forall E c Q}.

We first show that ¥ is a o-algebra. Clearly @ € ¥ andif A € ¥, then A € ¥. For A,B € F,
let C = A U B. The property of outer measure gives that u*(E) < u*(ENC) + u*(E N C°). To
see the opposite inequality, note that C = A U (B N A¢) and

WENC)+u (ENC)<u (ENA) +u (ENBNAC) + u*(EN AN B°)
=p (ENA)+u (ENAS) =p(E).

Hence C € ¥ and ¥ is closed under finite unions. For countable disjoint A; € ¥ with
A =U;A; let B, = U A; € F. Then

W(ENA) = (ENB,) +p (ENBY 2 p"(ENB,) = ) 5" (ENA).
i=1

Taking n — oo gives that
P(ENA) 2 Y i (ENA) 2 1 (ENA)
i

by the o-subadditivity of outer measure. Hence u*(E N A) = X, u*(E N A;). Note also that
ENA°Cc ENB;sou* (ENAS) <u*(EnNB;). Thus

n
W (E) = W (ENB,)+u" (ENBy) 2 Z#*(EﬂAi)w*(EﬂA“) — p(ENA)+u"(ENAS) > u*(E)
i=1

by the o-subadditivity of outer measure. We conclude that ¥ is a o-algebra.
Finally, denote u*|# by u. Clearly u(@) = 0. For countably many disjoint A; € ¥ such
that A = U;A; € F, let B, = U | A; € ¥. Then
p(A) = p(By) + u(A N BS) > u(By) = Y u(A) = )" u(A) = p(A).
i=1 i

Hence u(A) = ; u(A;) and u is a measure on 7. [



Theorem 1.24 (Carathéodory Extension)
Let v be a finitely additive, o--subadditive set function on a semi-algebra S such that v(@) = 0.

Then v can be extended to a measure on o (S).

Proof. By theorem 1.15, v can be extended to a premeasure yg on the algebra A generated
by S. Define the outer measure by

u*(A) = inf {Z uo(E) | A c UGELE; € ﬂ}
for all A c Q with the convention that inf @ = co. We check that u* is indeed an outer
measure. Clearly u*(@) = 0. If A C B, then any cover of B by sets in A is also a cover of A
and hence u*(A) < u*(B). For countably many A; C Q, we can find {Ei j}j covering A; such
that
Z po(Eij) < u(Aj) +27'€
J

for some € > 0. Then U; ; E;; covers U;A; and
H(UiA;) < Z ZIJO(Eij) < Zﬂ*(Ai) + €.
i i

Since € is arbitrary, we conclude that u*(U;A;) < 3; u*(A;) and p* is indeed an outer measure.

It follows from lemma 1.23 that the collection of all ;*-measurable sets forms a o-algebra
¥ and u* restricted on ¥ is a measure. It is clear that A ¢ ¥ and o (S) € 0(A) C F and
U = *|;(s) is also a measure. Finally, for A, A; € S where A; covers A,

H(A) = 1 (A) S V(A) < ) V(AN A) < ) v(A).

l l

Taking the infimum over all such covers, we get v(A) = u*(A) and u is indeed an extension

of v. ]

Remark
If the measures are probability measures, then we have that the extension is unique by corol-
lary 1.19.

Theorem 1.25
If F is non-decreasing, right-continuous and satisfies that F(—o0) = 0, F(c0) = 1, then there

s a unique probability measure such that
P((=00,x]) = F(x).

Proof. Define
S={(a,b] | —0o<a<b<}U{2}.

10



It is clear that S is a semi-algebra. Define the set function P : S — [0, 1] by
P((a,b]) = F(b) - F(a)
and P(@) = 0. For disjoint, at most countable (a;, b;] € S, we define

Pwmmm=ZHmmm=me—ﬂw.

It is clear that P is finitely additive. If (a, b] = U;(a;, b;] for disjoint (a;, b;] € S, we may

assume without loss of generality that a = a; < by <bg <--- < b, = b and

P((a,b]) = F(b) - F(a) = ) F(b;) = F(a;) = ) P((a;, bi]).
Hence P is o-additive. It now follows from the Carathéodory extension theorem that P can
be extended uniquely to a probability measure on o (S) = B. [

Remark
This theorem shows that the distribution function completely characterizes the probability
measure. In other words, the term “distribution function” can refer to either the CDF or the

probability measure.
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1.2. Random Variable

Definition 1.26
Let Q be a probability space. A random variable X is a measurable function X : Q — (S, S),

where (S,S8) is a measurable space.

Remark
The codomain is often taken to be (R,B) or (RY, B(RY)), but it is also possible to define

random functions, i.e., (S,S8) is a function space.

Definition 1.27
Let X : (Q,F) — (S,8) be a random variable. The distribution of X is the pushforward

measure of P under X, i.e.,
ux(A) =P(X € A) =P(X 1 (A)), AeS.

Definition 1.28
Let X : (Q,F) — (RY, B) be a random variable. The cumulative distribution function of

X is defined as
Fx(x) =P(X <x) =P(X1 <x1,..., X4 <xq), x=(x1,...,xq) € R

Proposition 1.29
Let X : (Q,F) — (R, B) be a random variable and F be its cumulative distribution function.

Then,
(@) F is non-decreasing, i.e., x <y implies F(x) < F(y);
(b) F(—c0) =0and F(c0) =1;
(c) F isright-continuous, i.e., lim,_,+ F(y) = F(x);
(d F(x7)=P(X <x);
(e) P(X=x)=F(x)—F(x).

Proof. (a) comes from that {X <x} c {X <y} forx < y.
Take a, — co. Then {X < a,} /" Qand {X < —a,} \, 0. By theorem 1.6, we have that

Flan) =P(X < a,) »P(Q) =1, F(-a,) =P(X < —a,) — P(0) =0.

(c) is similar to (b). Take y, — x*, then {X < y,} \, {X < x}. By theorem 1.6, we have
that
F(y,) =P(X <y, - P(X <x)=F(x).

For (d), take x, — x~, then {X < x,} / {X < x}. By theorem 1.6, we have that
F(x,) =P(X <x,) = P(X <x).

12



For(e), P(X =x) =P(X<x)-P(X<x)=F(x)—-F(x). [

Theorem 1.30
Let F be a non-decreasing, right-continuous function satisfying that F(—c0) = 0 and F () =

1. Then there is a random variable X such that

F(x) = px ((—o0,x]).

Proof. Put Q = (0,1), ¥ = B, P be the Lebesgue measure and X(w) = sup {x | F(x) < w}.
Notice that

{X<x}={weQsup{y|F(y) <w}<x}

={weQ|forally>ux, F(y) > w}
={weQ|F(x) >w}.

Hence P(X <x) =PH{w e Q| w < F(x)}) = F(x). [ ]

Definition 1.31
If X and Y are random variables mapping to some measurable space (S, S), then X and Y are

said to be equal in distribution if uy = uy, denoted by X 4 Y.

Definition 1.32
Let X : Q — R be a random variable with distribution F. f : R — Ris said to be the density

of X if N
ﬂw=[fﬂw@

forall x € R

Remark
If f and g are both densities of X, then f = g a.e.

Remark
If ux < A, where A is the Lebesgue measure, then by Radon-Nikodym theorem, there is a
density f such that

pe(a) = [ f@aa
for all A € B. Or equivalently, F is absolutely continuous.

Example
Not all random variables have densities, even when its CDF is continuous. Consider the
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Cantor function

Zin g xX=, 23‘;” € C for some {a,} € {0,1}N
sup, F(y), x€]0,1]-C

0, x<0

1, x>1

where C is the Cantor set. Then F is a valid CDF, but has no density.

Definition 1.33
A probability measure P is said to be discrete if there is a countable set S such that P(S¢) = 0.

A random variable X is said to be discrete if its distribution is.

Theorem 1.34
Suppose X : (Q,F) — (S,0(A)) and A is a collection of subsets in S. If X 1(A) € F for all

A € A, then X is a random variable.

Proof. Set G = {Ac S| X 1(A) e F}. Clearly @ € G andif A € G, X 1(A°) = (X"}(A))* €
F,s0 A € G. If A, € G, then X 1 (U,A,) = U, X 1(4,) € F,s0U,A, € G. Hence G is a
o-algebra containing A, so o (A) c G. It follows that X~1(B) € ¥ for all B € o (A), so X is

a random variable. m
Corollary 1.35

If X; are random variables, then

infX;, supX;, liminfX;, limsupX;
i i

i—00 [—00
are all random variables.
Proof. Since the sets of the form (—oo, x] generate B, it suffices to check that the inverse
images of these sets are in . For inf; X;,
{ir_le,- Sx} =U;{X;<x}eF.
l

For sup; X, since sup; X; = —inf;(—X;), it is also a random variable. Finally, write

liminf X; = supinf X;, limsup X; = inf sup X.
i n 12n i o j>n

The results follow from the measurability of inf; X; and sup, X;. [ ]

Definition 1.36

Let X be a random variable. o(X) is the smallest o-algebra such that X is measurable.

Remark
If X :Q — (S,8), then o(X) = X7 1(8).

14



Definition 1.37

Let X be a random variable. The expectation of X is defined as

E[X]:/XdP.

Theorem 1.38 (Jensen’s Inequality)
Let X : Q — RY be a random variable such that E[||X||;] < o and ¢ : R? — R be a convex

function. Then

$(E[X]) < E[¢(X)].

Proof. For any given y € R?, note that {x e R? | o(x) > ¢(y)} is a open convex set. By
the Hahn-Banach seperation theorem, there is a hyperplane {f(x) = a + (b, x)} separating

{(x, ¢(x)) € R™ | ¢(x) > ¢(y)} and {(y, ¢())}. Note that ¢(y) = f(y) and ¢(x) = f(x) for
all x € RY. Take y = E[X], then

¢(B[X]) = f(E[X]) = E[f(X)] < E[¢(X)].

Theorem 1.39 (Holder’s Inequality)
Let X,Y be random variables and p, g € [1, o] such that zlﬂ + % = 1. Then

E[IXY|] < E[IX|"]V? E[|y]/]"/9.

Proof. If E[|X|?] and E[|Y?]|] are zero or infinite, the result is trivial. We assume that
E[|X]’] = E[|Y|?] = 1. For fixed y > 0, set ¢(x) =x”/p + y?/p — xy for x > 0.

¢/(x) — xp—l -y, ¢//(x) — (p _ 1)xp—2 > 0.

Thus ¢ is convex and minimized at x = y/?~1 with minimum ¢(y/(?~D) = 0. Hence
xP/p+yl/qg >xyforall x,y > 0.
1

1
] = 2 1 2o 1= EXPIYP E[Y]e.
JZ}

X7y
_— + —_

E[|XY|]] <E [
q

Theorem 1.40 (Markov’s Inequality)

If X > 0is a random variable, then for any ¢ > 0,
1

P(X >¢) < -E[X].
c

Proof.
P(XZC)I/I{XZC}dPS/?dPI%E[X].

15



Example

Suppose ¢ : R — R is a non-negative function. Put
I4 = inf ¢(y),
yeEA
where A is some measurable set. Then for any random variable X,
I/ 1{X € A} < p(x)1{X € A} < ¢(x).

Thus
I4P(XeA) <E[¢(X)].

Corollary 1.41 (Chebyshev’s Inequality)
Let X be a random variable. Then for any ¢ > 0 and a € R,

1
P(X-al2c) < S E[(X-0a)?].
c
Proof. By the Markov’s inequality,

P(|X-a|>c)=P(X-a)?>c?) < le [(X - a)?].
C

Theorem 1.42
Suppose X is a random variable of (S,S) with distribution u and f : (5,8) — (R, B) is

measurable. If either
(@ f=0,or
@) E[If(X)]] < oo,

then
E[£(X)] = / FOO)du).

Proof. Suppose first that f = 14 for some A € S. Then

E [£(X)] = P(X € A) = P(X"1(A)) = u(A) = / Lady.

By linearity we can extend this result to simple functions. Now suppose first that (a) holds.
For such f, there is a sequence of simple functions s, /' f and s, 0 X / f o X. By LMCT,

E[f(X)] = E [hglsn()o] = imE [5,(X)] =1i£n/sndﬂ =/fd/J.
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Suppose that (b) is the case. Write f = f* — f~ and apply the previous result.

E[f(X)] =E [/*(X)] ~E [/ (X)] = / Frdu - / Fdu = / fdu.

Definition 1.43
The k-th moment of a random variable X is E [X k ]

Definition 1.44
The variance of a random variable X is VarE [(X -E [X])Z].

Definition 1.45

The covariance of two integrable random variables X,Y is
Cov(X,Y) =E[(X-E[X])(Y-E[Y]].

Definition 1.46
For 1< p < oo, the LP(Q,P) space is defined as

LP(Q,P)={X:Q — S| X measurable and E [|X|’] < co}.
For p = oo,
L7(Q,P) ={X : Q — S| X measurable and esssup,q X(w) < oo} .

Proposition 1.47
Let 1 <p<gq <oo. Then L1(P) c LP(P).

Proof. Suppose first that g < co. If X € £L79(P), then
E[IXIP] <E[|X|91{|X| = 1}]+E[|X]P1{|X| <1}] <E[|X]|?] +1 < oo.

Hence X € L7(P). If ¢ = oo, X is essentially bounded, i.e., X < M for some M € R almost
surely. Hence X € L7”. [
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1.3. Independence

Definition 1.48
Let (Q, ¥, P) be a probability space. Suppose T3 C F, f € Bare a collection of sub-o-algebras.
Then {fg} are independent if for all finite {F;}_; C {ﬁ;},

P(NLy4) = | | P(A)
i=1

where A; € F;.

Definition 1.49
A collection of random variables {X,g ! B e B} on (Q, 7, P) is independent if the collection
of the generating o -algebras {O'(X/g) | B e B} is.

Remark

In other words,

P(n; {Xp € A;}) = ]_[ P(Xp € A).
Note that these random variables can map into different measurable space.

Definition 1.50
A collection of events S is independent if {1, | A € S} is.

Proposition 1.51
Let X1,...,X, be independent random variables and gi1,...g, are measurable functions.

Then g1(X1),...,g.(X,) are independent.

Proof. Suppose g; : (S;,S;) — (T3, T;). For A; € 77, g71(A;) € S; and

P(ni{gi(X) € A}) = P(n; {Xi e g7 1(AD}) = ﬂ P(X; € g7 (A)) = ﬂ P(g:(X)) € Ay).

g1(X1),...,gn(X,) are independent. [

Theorem 1.52
Let S1,...8, be a collection of n-system. If Q € S; foralli =1,...,nand for all A; € S;,

P(niA) = | | P4y,

then o(81),...,0(S,) are independent.

Proof. Fix So,...,S,. Put

L:{AET

P(A N (N_,A) = P(A) ]_[ P(A;),A; € Sifori=2,..., n} .
=2
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We claim that £ forms a A-system. First, by assumption we can pick A; = Qfori =2,...,n
to see that Q € L. Supposethat A c B,A,Be L,

P((B-A) n(N_,A)) = P((B N (NLyA:) — (AN (NLyA1)))
=P(B) | |P(4) -P() | [P(4) =P(B-4) [ |P(4).
=2 =2 =2
Hence B—-A€ L. LetS; /7 S,S; € L. Then
P(S N (N'_,A)) = lim P(S; N (N'_,A,)) = lim P(S)) ]_[ P(A;) = P(S) ]_[ P(4;).
Iz Iz i=2 i=2

Thus § € £ and L is a A-system. By Dynkin’s 7-4, 0(81), Sg, ..., S, satisfies the product
property. Repeat the procedure for So,...,S,. We have that (S1),...,0(S,) satisfies the
product property. That is, they are independent. [

Corollary 1.53
Let X1,. .., X, be R-valued random variables. Then they are independent if and only if

P(X1<s1,....X, <sp) = l_[P(Xi < s1)
i=1

forall s; e R, 1<i<n.

Proof. The sufficient part is trivial. For the converse, put S; = {{X; <t} |t € R} U {Q}.
Clearly S; are n-system and Q € S; for all i. o (S;) are independent and S; generates o (X;).
Applying theorem 1.52 shows that X; are independent. [

Corollary 1.54
If Fij, 1 <i < n,1 < j < m(i) are independent o-algebras, then G; = o (U;¥;;) are indepen-
dent.

Proof. Put ‘H; = {ﬁ A | Aj e ?}j}. We claim that o(H;) = G;. Indeed, by choosing sets of
the form
(Q,...,Q,AJ,Q,...,Q) € ﬁl Xoeeo Xﬁm(i),

it is clear that U;%;; C H;. Also, if A € H;, then
A= ﬁjAj = (Uj(A;))C € O'(Ujﬁj).

Thus U;F; ¢ H; C 0(U;F;;) and o (H;) = o(U;F;;) = Gi. Also notice that H; contain Q and
form 7-systems. For A; € H;, write A; = N;A;;. Then

P(NiA) = P(nijAy) = [ [ Pay) = [ [ P(njAy) = [ [P(ay.
ij i i
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From theorem 1.52 we know that G; = o (‘H;) are independent. [

Corollary 1.55
If X;j,1 <i <n,1<j<m(i) are independent random variables, then Y; = hj(X;1,. .., Xim())

are independent provided that h; are measurable.

Proof. Write ¥;; = o (X;;). We claim that o(Y;) C o (U;%;;). Indeed, if B; is a measurable
set, i;1(B;) is measurable. Write h71(B;) = Cj1 X - -+ X Ciyy(;y and since each Xi;-l(Cij) € Fijy
we see that o (Y;) € 0(U;F;;). It then follows from corollary 1.54 that o (Y;) are independent

and Y; are independent. [

Theorem 1.56
If X1, ... X, are independent R-valued random variables and the distribution of X; is u;. Then
the joint distribution of (X1,...,X,) 1S 1 X -+ X Uy.

Proof. Let u be the distribution of (Xi,..., X,,). By definition,
u((X1,...) € Ay X+ X Ay) = u(X1 € Ag,.... X, € Ap)

n
= Hﬂi(Xi €A) = (1 X Xpy) (AL X -+ X Ay).
i=1

Now the sets of the forms A = A; X - - X A, is a n-system generating the product o-algebra.
By corollary 1.19, the joint distribution is exactly u1 X - -+ X uy,. [

Theorem 1.57
Let X, Y be two independent random variables. If h(x, y) satisfies either
(@ E[|h(X,Y)]] < oo, or
(b) his non-negative,
then
BT = [ [ hduxdar

where ux, uy are the distributions of X and Y, respectively.

Proof. The proof follows directly from Fubini-Tonelli theorem. If one of the assumptions is
true, then

E [h(X,Y)] = /R du ) = [ [ .

Remark
If h(x,y) = h1(x)h2(y), then

E [h1(X)ha(Y)] = E [h(X.Y)] = / / hihadyxdpy = E [h(X)] E [ha(Y)].
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Corollary 1.58

If X4, ... X, are independent random variables and
(@) E[|X1---X,|] <or
(b) X; >0 foralli,
then .
E[X1 - Xy] = HE[Xi]-
=1
Proof. Let h(x,y) = xy. By assumptions, we havel either E [|h(X1, X2)|] < o0 or h(X1, X2) > 0.

By theorem 1.57, E [X1X2] = E [X1] E [X2]. Substitute X; by X1 X2 and X3 by X3, we see that
E [X1X2X3] = E [X1] E [X2] E [X3]. Repeat the procedure n times and the result follows. =

Definition 1.59
Let X, Y be independent random variables with CDF F and G, respectively. The convolution
of two CDF is defined as

(F*G)(2) = / F(z - y)dG(y).

Remark
If F and G are absolutely continuous with respect to the Lebesgue measure, then they have

Radon-Nikodym derivatives f and g. The definition of convolution becomes

) 7=y
(F*G)(2) = / F(z - y)dG(y) = / / F()g(y)dxdy.

Then
(F+G)(2) = / Fz= Mgy = ( *8)(2),

which is exactly the definition of convolution of two functions.

Proposition 1.60
Let X and Y be independent random variables. Then

P(X+Y <z)=(F*G)(2).
Proof. By theorem 1.57,
P(X+Y <72 =E[1{X+Y <z} =//1{x+y§z}dF(x)dG(y)

:/F(z—y)dG(y) = (F*G)(2).

Remark

Note that the convolution is commutative since
(F«xG)(z2) =P(X+Y<2)=PY +X <2)=(G=*F)(2).
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Remark

For discrete X and Y, the convolution becomes

P(X+Y=2)= ) P(X=z-y)P(Y = ).
y

Example
Consider X ~ I'(a1,B) and Y ~ I'(ag, B). Then the density for X +Y is

fx+v(2) = / fx(z=y)fr(y)dy

Z
1 a1 -1 ,-B(z-y) 1 -1 -
= - (z - )01 eﬁzy ag . g eﬁyd
./0 [(ay) Y Tlag)” > y
—1 a1+ag ,—fz /Z a1-1, as—-1
= e g z— ) 1 2 d
C(anT (@)’ | =)y dy
1 1
— = paitaz Pz ar+as-1 1-¢ al_ltaz_ldt
FanT(@)” ¢ ° /0 (1-1)
= M a1tag —,BZZO'1+a/2—1 — 1
T(an)T (az) T(ar + @)

Hence X +Y ~ I'(a1 + as, B).

22
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1.4. Convergence of Random Variables

Definition 1.61

A sequence of probability measures P,, on (R", B(R")) are consistent if
P,i1((a1, b1] X --- X (ay, by] xR =P, ((a1,b1] X - X (a, by])

for every n.

Theorem 1.62 (Kolmogorov Extension)
Suppose that a sequence of probability measures P, on (R", B(IR")) are consistent. Then there

is a unique probability measure P on (RN, B) satisfying that
P({w e RN | w; € (a;,bi],1 <i <n}) = Py((a1,b1] X -+ X (an, by)),
where B is generated by the collection
{a)EIRN|a),-€ (a,-,b,-],lSiSn,ne]N}.

Proof. Let
S ={(a1,b1] X--- X (an,by] XRX---| ne€N}.

Define P on S to be
P((a1, b1] X+ X (an,by] X RX--+) =Py((ay, b1] X -+ X (an, by])

Clearly, S forms a semi-algebra. From the Carathéodory extension theorem, it suffices to
show that P is finitely additive, o-additive on S and P(@) = 0. Note that P(@) = P(@ X R X
--+) = P1(@) = 0. We verify the first two conditions.

First, if A, B € S are disjoint, m < n,

A={weR|w; e (anb],1<i<m} and B={weR"|w € (c1d],1<i<n},

then
P(A U B) = Pn((ﬂnA) U (ﬂnB)) = Pn(ﬂ'nA) + Pn(ﬂnB) = P(A) + P(B),
where 7, : w — (w1, ...,w,) is the projection onto the first # components. Hence P is finitely
additive.
Next, suppose Aj,... € S are countably many disjoint measurable sets. Put A = U;A;.

We can consider the algebra S = {finite disjoint union of sets in S} generated by S. B, =
UisnA; € S Thus

n
P(A) = P(B,) + ) P(A,)
i=1
by the previous result. It now suffices to show that P(B,) — 0 for any B,, \, @. Suppose not,
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then there is 6 > 0 such that P(B,) — ¢ as B, — @ by the monotonicity of P.

For such {B,}, we claim that there is a sequence of compact set K,, such that K,, ¢ B, and
P(B,-K,) < 2-(+1 s Now since B; € S, there are disjoint EL, . . ., E,}“ such that B; = U?lllEl.l.
Now since each Ei1 is of the product of (-, -]. We can find a compact subset Kl.1 of the product
of [+, -] such that P(El.1 - Kil) < m112‘26. Hence K7 = U,-Ki1 C B satisfies that

my
P(B; - K1) = Z P(E} - K!) <27%
i=1

as desired. Repeat the process and find K, inductively. The claim follows.
Now, N K, \, K as m — oo. Also,

S 5
P(By ~ (M Kn)) < ) P(By~Ky) < 3.
n=1

Hence 6/2 < P(B,) — 6/2 < P(N"_,K,). We see that N | K, is non-empty for each m. But
this implies that K c N,B,, is non-empty, a contradiction. Thus P(B,) — 0.

Finally, the o-additivity follows from that we can take n — oo so that
n
P(A) = lim P(B,) + ) P(A,) = ) P(4,).
i=1 i

Applying Carathéodory extension theorem, such P can be extended on (RN, B). [

Remark

With Kolmogorov extension theorem, we can consider a sequence of independent variable X;
on the product probability space with F = B, X; : w — w; and P(By X ---B,) = [T, mi(B),
where y; is the distribution of X;.

Definition 1.63

Let X, be a sequence of random variable. X, converges almost surely to X if

P{limxnzx} - 1.

n—oo

We denote it as X, X X or X, — Xa.s.

Definition 1.64
Let X, be a sequence of random variable. X, converges in probability to X if for every € > 0,

P{|X, - X|>€} >0

as n — oo, We denote it as X, 2 x.

Definition 1.65
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A sequence of random variable X,, € L7 is said to converge in L’ to X if
E [IX, - X|"]"? = 0
as n — oo, If p = oo, the definition becomes
ess sup,cq | Xn(w) — X(w)| — 0.

We denote it as X,, —» X in LP.

Proposition 1.66

Let X, be a sequence of independent and indentically distributed random variables. Then
(@) If X, —» X almost surely, then X, 2 x.
®) If X, — X in LP, then X, 5 X.

Proof. For (a), given € > 0, put
Ep = Unsi {|Xn — X| > €}
Note that E; \, E = {| X, — X| > € for infinitely many n} = {lim,_, . X, = X}°. Hence
P{|X, - X| > €} < P(Ey) —>P{nli_r)lgoXn :X}C ~ 0

Hence X,, — X in probability.
For (b), suppose first that p < co. By Markov inequality,

1
P{|Xn—X|>e}:P{|Xn—X|p>e”}§—pE[|Xn—X|p] — 0.
€
Let p = . Note that esssup |X,, — X| = inf {c | P{|X,, — X| > ¢} = 0}. Convergence in L%

implies that for € > 0, there is N such that if n > N, inf {c | P{|X,, — X| > ¢} = 0} < €. That
is,P{|Xn—X|>e}=0forn2N.HenceXn£>X. [
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2. Asymptotic Theory

2.1. Law of Large Number

Definition 2.1
Let X; be random variables with E [Xlz] < 00. They are called uncorrelated if

E [X,X]] =E [Xl] E [XJ] .

Theorem 2.2 (Weak Law of Large Number I)
Suppose that X,, are uncorrelated random variables with Var [X,,] < Coo and E [X},] = u for
all n. Let S, = 3\;_; X;. Then

n
in L2 and hence in probability.

Proof. Compute that
2
1
E (—Sn - ,u)
n

Hence %Sn — uin £? and thus in probability. [

1< C
= ﬁZ;Var(X,) < ; — 0.
=

Theorem 2.3 (Weak Law of Large Number II, Khinchin)
Suppose that X; is a sequence of independent and identically distributed random variables
with E [|X1]] < co. Let S, = 2.7, X; and u = E [X1]. Then

n

in L' and hence in probability.

Proof. By replacing X; with X; — u, we may assume without loss of generality that u = 0.
Now, for C > 0,
0=E[X;]=E[X1{|X;| > C} +E[X;1{|X;| <C}].

Also,

1. 1¢ 1y
—Sn=—§ X1{X;)>C}+= E Xi1{|X;| < C}
n n i=1 n i=1

D (XL{IXi| > C} - E[X1{IX;| > C}]) + % D (Xi1{x,| < C} - E[X1{IXi] < C})).
i=1 i=1

1
n
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Notice that by LDCT,

E <2E[|X1|1{|X1]>C}] — 0

%Z(X,.l {(1X;| > C} ~E[X;,1{IXi| > C}])
i=1

as C — oo since [X1|1{|X1| > C} < |X1]| and E [|X1]|] < o. Also, by Holder inequality and the

independence,

LY {1xi] < €}~ E X (1] < C)))
i=1

1
E < \/— Var(X;1{|X;| < C}) <
n

C
\n
For any given € > 0, there is C such that 2E [|X1]|1{|X1| > C}] < € and

E HlSn <E
n

XX > €} B X1 (1] > C}])'
i=1

+E

~ 061 (1% < €} - B [X1 (1] < C}])‘
i=1

C
<€+ ——>c¢€
n

as n — oo. Since € can be arbitrarily small, we conclude that %Sn — 0in £! and hence in

probability. u

Definition 2.4

Let A,, be a sequence of events.

limsupA, =N, UL, A,
n—oo
and

liminf A, = U>_; N2 A,

n—oo

Remark
Observe that
limsup A, = {w € Q| w € A, for infinitely many n}

n—oo

and

liminf A, = {w € Q | w € A, for all but finitely many n} .
n—00

Theorem 2.5 (Borel-Cantelli I)
Let A, be a sequence of events. If 3, P(A,) < oo, then

n—o00

P(lim sup An) =0.
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Proof. Let € > 0 be given. By assumption, there is ng such that }’,., P(A,) < €. Then

n—oo

P(lim sup An) =P(N;_; Uyl An) < P(URL, Ap) < Z P(A,) <e.

n=ng

Since € can be arbitrarily small, P(lim sup,_,,, A,) = 0. [

Corollary 2.6
Suppose for € > 0, 3., P(|X,, — X| > €) < 0. Then X,, — X almost surely.

Proof. Let Ej, = {an — X| > k7! for finitely many n} Note that Ey41 € Ey and E; \, E =
{X, — X}. Now we claim that P(E;) = 1. Consider E} = {|Xn -X| > k‘l}. For fixed k, by
assumption we have 3, P(E}) < co. By Borel-Cantelli, P(lim sup,_,, £}) = 0. Hence

P(Ey) = P({an — X| > k! for infinitely many n}c) =1-P(limsup E}) = 1.

n—oo

It now follows by the monotone convergence of measures that P(E) = 1. [

Remark
Intuitively, if the convergence is sufficiently fast, the convergence in probability may recover

almost sure convergence.

Theorem 2.7 (Strong Law of Large Number I)
Let X; be independent and identically distributed with u = E [X1] and E [Xf] < oo, Let
Sy =211 Xi. Then

_Sn —H
n
almost surely.
Proof. Note that

1 4
_Sn_ﬂ
n

E

1
né

DEIX -]+ Y B[ - w(x; —u)z])

i#j

IA

SE[0a -]+ )5 Lo - <

for some constant C. By Checyshev’s inequality, for € > 0,

1 1|1 c
P{|=S,—u|>e; < =E|[[=-S,- <=
{’ n K 6} et ( n ,u) €2n?
is absolute summable. Hence by corollary 2.6,
n
almost surely. [
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Theorem 2.8
X, L x if and only if every subsequence of X,, has a further subsequence converging almost

surely.

Proof. Suppose first that X,, %, X. Given a subsequence X, (i), we can choose n(k1) < n(ks) <
- such that
P(|Xukr) - X| > 27) <27

Since 27! is summable, by Borel-Cantelli we have
P(|Xuk,) — X| > 27" for infinitely many i) = 0.
In other words,
P {Xn(k,-) — X} =P {|Xn(k,«) - X| > 27" for infinitely many i}c =1.
For the converse, suppose that X,, 7 X in probability. Then there exist €, 6 > 0 and
P{|X,x) — X| > €} > 6.

By assumption there is a further subsequence converging almost surely and thus in proba-

bility, 1.e.,

P{|Xu,) - X| > e} > 0.
This is a contradiction. Hence X,, — X in probability. [
Corollary 2.9

Suppose X, L X. Then the followings are true:
(@) If f is continuous, then f(X,) 2 f(X).
) If |X,| <Y for someY € L1, then E [X,] — E [X].

Proof. For (a), by theorem 2.8, every subsequence has a further subsequence X,,x;) — X
almost surely and hence f(X,,)) — f(X) almost surely. Then by theorem 2.8 again we see
that f(X,) = £(X).

For (b), by theorem 2.8, every subsequence has a furhter subsequence X,,(x;) — X almost
surely and LDCT gives E [Xn(kj)] — E [X]. This implies that E [X,,] — E [X] as well. [

Definition 2.10
Let (Q, F,P) be a probability space.

L£2%(Q) = {X : Q - R| X is F-measurable} .

Remark

In general, the almost convergence notion on L° is not metrizable, i.e., there is no metric d on
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L0 such that
dX,,X) -0 o X,—>X as.

To see this, suppose that the almost sure convergence is metrizable. If X, KN X, any subse-
quence X, (k) converges to X in probability as well. By theorem 2.8, we can find a further sub-
sequence converging almost surely and hence in metric d, but this implies that d(X,,X) — 0.
Then X, — X almost surely, which is absurd since convergence in probability does not imply
almost sure convergence in general.

Houwever, convergence in probability on L° can be metrized. For instance,
d(X,Y) =E [max{|X -Y|,1}].

Theorem 2.11 (Borel-Cantelli II)
Let A, be independent events and 3. P(A,) = co. Then

P(lim sup An) =1.

n—0oo

Proof. By assumption we have that }},.,, P(A,) = co for every m € N. Notice that 1 +x < ¢*.
Then

P(limsup A,) = lim P(Uy5,A,) =1 - lim P(N,5,A})
m—0o0 m-—-oo

n—oo

N
1 _ 1 . N Y_1_ T . ¢
=1- lim lim P(n,_, A}) =1 %1_1?(1)0 ]\1]1_13(1)<> l_[P(An)

m—o0 N—oo

=1- lim ]_[(1 ~P(A,) > 1- lim exp(— Z P(A,) | = 1.
m-—00 n=m m-—o00 =
Hence P(lim sup,_,, An) = 1. [

Lemma 2.12
Let X be a non-negative random variable and h : R — R be a differentiable function with
h(0) =0and i’ > 0. Then

E[h(X)] = /Om W (1) P(X > t)dt.

Proof. By Fubini-Tonelli theorem,

X o
/ h'(r)dt] =E [/ 1{r < X} W (t)dt
0 0

= /ooh’(t)E[l {t < X}]dt = /Ooh’(t) P(X > t)dt.
0 0

E[n(X)] = E
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Proposition 2.13
Suppose that X; are independent and identically distributed random variables with E [|X;|] =
co. Let S, = 2.1 | Xi. Then

(@) P{|X,| > n for infinitely many n} = 1.
(6) P{1S, has finite limit} = 0.

Proof. For (a), using lemma 2.12 with 4 being identity,
) © n+1
oo = E[|X1]] :/ P(|X1] > t)dt < Z/ P(|X1| > t)dt
0 }’l:O n

e n+1 &
< Z_;/ P(|X;| > n)dt = ZOP(anl > n).

Now by the second Borel-Cantelli, P {|X,| > n for infinitely many n} = 1.

For (b), consider w with # — Y(w) € R. Then for such w,

X, Sp—Sh1 Sp n—=18,1
—:—:————_)O
n n n n n-1

as n — oo. Thus

1
P {—Sn has finite limit} < P{|X,| > n for finitely many n}
n
=1 - P{|X,| > n for infinitely many n} = 0.

(b) follows. [
Definition 2.14
A collection of o-algebra {H, } is pairwise independent if for any Hi, Hy € {H},

P(A N B) = P(A) P(B)

for any A € Hq and B € Ho.

Remark

As before, a sequence of random variables {X;} is pairwise independent if {o(X})} is.

Theorem 2.15 (Strong Law of Large Number II, Kolmogorov)
Let X; be pairwise independent, identically distributed random variables with E [|X1]|] < o
and S, = 3" 1 X;. Then

1
ZSn _)E[Xl] =H

almost surely.

Proof. Since we can always decompose X; = X — X~ and X", X~ satisfy the assumption of

the theorem, we may assume without loss of generality that X; > 0. Let ¥; = X;1{X; <i} and
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T, = 3",Y. Let @ > 1 and put k, = [a"]. By Chebyshev inequality, for any given € > 0 we
have

> T, —E|T; >
ZP( kn [ ] )S%Zk—ZVar(Tkn)
n= n=1"n
1 0 1 kn 1 0
=5 > S > Var(r) = 5 > Var(v) Y. —
€ n=1 k” i=1 € i=1 nkp>i N

Since 1/k? is summable and k, repeat at most m, times, where m, is an integer such that
@™+l > oMo 4 1 we can find a constant ¢, > 0 such that

Let F be the distribution of X. We have

D

n=1

Ti, —E | Tkn]

) ca 0 Var(¥) c_iE[Y?]

62 : i2

i=k+1
Hence,
> || Tk, —E [Tk, ) ceC o 1 kel
ZP - > el < Z / x2dF (x)
2
I’l:]_ ( kl’l € k:() k + 1 k
aC 0 k+1 ac
3622/ xdF(x):CzE[X1]<oo.
€ =0’k

Note that for § > 0 there is an integer M such that E [X11 {X; > M}] <§ < E[Xq].

EIT kn M kn
7] _ 1 B[l= o D ENl+— ) ElX]-o




Also,

Taking n — oo and since ¢ is arbitrary, we conclude that

E [Ty, |
ky

— E[Xq].
Thus, by the Borel-Cantelli lemma,

P{ik" A E [Xl]} = P{ T, ~ BT, |

n n

> € for infinitely many n} =0.

In other words, T}, /k, — E [X1] almost surely. Also,

(o] (] (o] k
ZP{Xk #Y} = ZP{Xk >k} < Z/ P(X1 > t)dt
k=1 k=1 k=1vk-1
= / P(X1>t)dt=E[X1] <
0

by lemma 2.12. Hence by Borel-Cantelli lemma, X; # Y; for finitely many k almost surely.

This implies that
.1 . T,
lim —S;, = lim

n—oo kn n—oo

= E [X1]

n
almost surely. Note that S,, is monotone and for each m, we may find k(n,,) < m < k(n;,+1)

so that

Skm) _ Sm_ Sk(nne)

k(npsr) ~ m ~ k()

Take m — oo, we conclude that

1 o . S
—u <liminf == < limsup — < apu
a m—oo M m—oo m

almost surely. Taking @ — 1" gives the desired result. [

Theorem 2.16
Let X; be independent and identically distributed with E [XIr ] = oo and E [Xl_ ] < oo. Let
Sp = 21 Xi. Then

1

-S, &
almost surely.

Proof. Write X; = X;" — X;. For X}, consider Y = min {X}, M} for some M > 0. Note that
YiM is independent and identically distributed with finite mean. By the strong law of large
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number,

almost surely. Hence,

1 1
liminf - » X >lim - » YM =E[r})].

n—oo 1 n—oo n

i=1 i=1

Notice that Y}Y / X} as M — co. By LMCT,

Jim E[7] =B [x7] =0

We conclude that liminf,_, & iz1 X;" = co. On the other hand, by the strong law of large

n
number,

1 n
- Z X; - E[X{]
A

almost surely. We end up with

n n

.1 . : _
lim =S, =lim - » X" -lim- » X7 =c
n—oon n—oon n—oo p 4

i=1 i=1
almost surely. [

Example

Let Y; be independent and identically distributed with density
11
f)=1{yz1}-—,
cy

where c is some normalizing constant. Let H; ~ Ber(27%). Put X; = Y;H;. Then E [X;] = oo for

ZP(X,->0):Zz—f<oo,
i i

by the Borel-Cantelli lemma, X; — 0 almost surely and

1 n
;;X,-—>O

all i, but since

almost surely.

Example
Y > 0 is a random variable with E [Y] = . Put X; = Y for all i. Then X; are identically
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distributed with E [X;] = co. But
1 n
n
i=1

almost surely.

Example (Event Streaks)
X; ind Ber(271). Let L, be the longest streaks of 1 in the first n trials. We have the following:

li Ly
m =
wo logy ()

To see this, let , be the length of the current streaks. For instance, the following sequence
1,0,1,1,1,1,0,...

generates {1 = 1,{s = 0, g = 4. Observe that L, = max,,<, {,,. Now,

n

P((, > k) = Z P((, = k) = Z 27 k1 <ok

m=k m=k
asn — oo, For e > 0,

1
P(6y 2 (1+€)logy(n)) = P(6, > [(1+ €) logy(n)]) < 2711+l < g=(Iralos() -
n

is summable. By the Borel-Cantelli lemma,
P{¢, > (1 + €)logy(n) for infinitely many n} = 0.
Hence
P{f, < (1 + €)logy(n) for all but finitely many n} = 1.

That is, for almost every w, there is N(w) such that €, < (1+ €) logs(n) for n > N(w). For such
w, we have
Ly(w) = max {,(w) < max(1 + €)logy(n) = (1 + €) logy(n)
m<n m<n

as n > N(w). Thus

n

lim su <l+e€
n—oo P logz(l’l)

almost surely. Note that

L L
{lim sup T _ <1+ e} N {lim sup T_< 1}

o Togy (n) nmco logy(n) =
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as € — 0% and by the monotone convergence of the measures,

: L,
lim sup <1
n—eo 10g3(n)

almost surely.

For the other side, note that for large n, we may split the sequence into blocks of size
[(1—¢€)logy(n)] and

n > n
[(1-€)loge(n)] ~ logy(n)

for large n.

P(L, < (1-¢€)logy(n)) < P(each block did not have all 1s)
<(1- 9-[(1-¢) logz(n)/ﬂ)ﬂ/f(l—f) logy (n)/2]

1 1 e logn;(") n¢
< — < —
=\ e =P T logy(m) )

whcih is summable, so by the Borel Cantelli lemma,

P{L, < (1 - €)logy(n) for infinitely many n} = 0.

By a similar argument as above,

Ly

lim inf >1-¢€
n—eo logy(n)

almost surely and by the monotone convergence of the measures

lim inf >
n—co logg(n)

almost surely. We conclude that

n n

1 <liminf < limsu <1
o Togy(n) = e’ logy(n)

and the claim follows.

Example (Counting Process)
Let X; € (0, ) be independent and identically distributed random variable. Put u = E [X1],
T, = X", X;and N; = sup {n | T, < t}. Then we have the following claim.:

N,

1
lim — = =
t—oo f Iu
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almost surely. To see this, note that since X; < oo for all i,

lim N, = tlirn sup{n|T, <t} =oo.

—00
Now, observe that Ty, <t < Ty,+1 and hence

v 1t _ T Nit1
Ny Ny, N:+1 N;

By the strong law of large number, Ty, /[N; — p almost surely. Thus

Theorem 2.17 (Glivenko-Cantelli)
Suppose that X; i with X; € (=00, 00) and

1 n
Fa(x) = = > 1{X; <x}
e
is the empirical CDF. Then
|Fn = Fllo — 0
almost surely when n — oo.

Proof. We first claim that for € > 0, we may find a finite partition {t j} such that —oco0 =1y <
-+ <tj=o0and
F(l‘]_~+1) - F(tj) <e€

for all j. To see the existence of such partition, put g = —c0 and let
tis1=sup{t e R| F(t) < F(t;) + €} .

Observe that F(t;11) > F(t;) + €. If not, then F(t;,1) < F(t;) + €. By the right-continuity of
F, there is 6 > 0 such that F(t;;1 + 6) < F(t;) + €, contradicting to the definition of #;,1. It
now also follows from the definition that

F(t;,4) < F(t)) + €.

Finally, since F is of finite total variation, the jumps of sizes greater than € can occur only
finitely many times and we conclude the existence of such partition.
Next, by the strong law of large number, for almost every w there is N(w) uniform in j
such that
|Fu(t) = F(1))| < €

37



for all n > N(w). For any ¢ € [t;,t;41), we have
F(t)-F(t;) < F(r;jl) ~F(tj) <e.

Again, by the strong law of the large number,

1
Fn(tj_-+1)—Fn(Ij) = ;Zl{tj < X; <Ij+1} - E [1 {Ij < X; <l‘j+1}] :F(t;+1)—F(l‘j)
i=1

almost surely. That is, for almost every w, there is N'(w) > N(w) such that for all j,
Fu(t7,1) — Fulty) < F(t;,1) - F(t;) + €
if n > N’(w). Combining the above estimates, if n > N’ (w),

|Fa(t) = F(0)] < [Fo(1) = Fu(t))| + [Fult)) = F(ep)| + [F (1)) = F (1)

<

Fult7y) - Fn(zj)‘ npy

< F(t;ﬂ) — F(t;) + 3€ < 4e.

Since € is arbitrary, we conclude that F,, — F uniformly for almost every w and the proof is

complete. [

Theorem 2.18 (Kolmogorov Maximal Inequality)
Suppose that X; are independent with E [X;] = 0 and Var [X;] < co. Let S, = 3\;_; X;. Then

1
P(max |Sk| > x) < —Var|[S,].

1<k<n x2

Proof. Let Ay = {lSkl > x and |Sj| <xforl<j<k- 1}. Note that

n
Z 14, =1 {max |Sk] Zx}.
= 1<k<n

n n n
E[S2] 2 E (S} > 1a| = ) E[S2a] = ) E[(Sy - Si + S)°14,]
k=1 k=1 k=1
n
= > E[(Sy—S0)?1a] +2E [(Sh — Sk)Sk1a,| + E [S214, ]
k=1

S |l

> > E[S214,] +2E [(Sy - St)Skla,] -
k=1
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Notice that S, — Sk € 0 (Xk+1,...,X,) and Sgla, € 0(Xy, ..., Xy) are independent. Thus
n

E[$%] > Z E [$214,] + 2E [(S, - S0)Sk14,]

k=1
n n
_ 2 2 _ .2
= ZE [S714,] > x ZE [14,] = P(&gm Zx).
k=1 k=1
Hence 1
P(max |Skl Zx) << E [S,%] .
1<k<n X
[ ]
Definition 2.19

Let (Q, F,P) be a probability space. A sub-o-algebra G is P-trivial if for all A € G, P(A) €
{0,1}.

Theorem 2.20 (Kolmogorov Zero-One Law)
Let ; be independent o-algebras, G, = 0 (%, .. .) and Geo = N Gy. Then G ts P-trivial.

Proof. Observe that a o--algebra G satisfies that for A € G, P(A) € {0, 1} if G is independent
of itself. Indeed, if G is independent of itself, then for any A € G,

P(A) =P(AN A) = P(A)?

implies that P(A) = 0 or 1. Now, for any given n, o (¥4, . .., F,-1) is independent with G, and
G C Gn. Hence G 1s independent of o (¥, ..., F,-1) for all n.

In particular, G is independent of o (U,¥,). To see this, note that U,o (U] _, %) isan
system that generates o-(U,%,) and for A € U,0(V}_;Fk), A € o(U}_;Fk) for some n. For
B € Go,

P(ANnB) =P(A)P(B)

since o (U}_, %) and G is independent. Now it follows from theorem 1.52 that G, and
o (U, F,) are independent. Notice that G, € (U, ¥F,) and hence G, is independent of itself.
The proof is complete. n

Corollary 2.21
Let X; be independent and identically distributed and put S, = 3", X;. Then

(a) S, is either almost surely convergent or almost surely divergent.

) If %S . converges almost surely, its limit is almost surely a constant.
Proof. Define ¥; = o (X;) and note that {S, converges} € G, = N,0(U;>,F;) since
{S, converges} = {lim Z X; = O}
e i>n
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is G~-measurable. By the Kolmogorov zero-one law,
P{S, converges} € {0,1}.

This proves (a).
For (b), note that by a similar argument, we have

1
{—Sn converges} € Geoo»
n
where G, is P-trivial. Also, lim,,_,« %Sn 1s G.-measurable. Since G, is P-trivial,
o1
F(t) = P{hm =S, < t} € {0,1}.
n—oo n

Thus 1
lim -S,, =sup{r | F(t) = 0}
n—oon

almost surely, proving that the limit is almost surely a constant.
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2.2. Convergence in Distribution

Definition 2.22
Let u, and u be probability measures on (S,d). We say that u, — u in distribution or

weakly if for all f € Cp(S, R),
[ ram— [ sau
d

We denote the convergence as u, — L.

Remark
The notion of convergence is the smallest topology such that the linear functional of the form

Crip— /fd/J where [ € Cp(S) is continuous.

Definition 2.23
. d . . .. . d
Let X, and X be random variables. X,, — X if the corresponding distributions u, — u.

Remark
The convergence in distribution of the random variables does not depend on the space where
the random variables are defined; in fact, they can be defined on different spaces. The defini-

tion can also be written as

E[f(Xx)] - E[f(X)]
for all f € Cy(S).

Theorem 2.24 (Scheffé)

If f, - S — R are density functions such that f, — f almost everywhere, where f is a density

‘/Bf,,dx—/dex

as n — 0. In particular, when S = R, taking B = [—o0, x] gives the uniform convergence of the
CDFs.

function, then

sup — 0

Be8B

Proof. Since

/Bfndx—/dex szgg/3|fn—f|dxs/|fn—f|dx,

the theorem follows once we prove that f, — f in £!. Now, since |f, — f| — 0 almost

sup
BeB

everywhere and

o= fl< Il + 11 = 0<Ifl +1f1=1fu = fl.

By the assumptions that f,, and f are density functions,

/f,,dlez/fdx.
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By the Fatou’s lemma,

2 [1f1dr= [timint 1l +101- 1~ 1 <Vimin [ g+ [ gav= [ 1f - 1as
=2/fdx—limsup/|fn—f|dx.

n—oo

Hence
limsup/|fn—f|dx§0 = /lf,,—fldx—)O.
n—oo
Hence f, — f in £! and the proof is complete. [
Proposition 2.25

Let X, X be random variables on a separable metric space (S,d). Then X, 2ox implies
d
X, — X.

Proof. Let X, 2, X. To show that X LA X, we need to show that E [f(X,,)] — E[f(X)].
Suppose that this does not hold. There is a subsequence X,, such that X,,, — X almost surely
by theorem 2.8. By continuity we have f(X,, ) — f(X) almost surely. Since f is bounded,
the bounded convergence theorem implies that E [ f (Xnk)] — E [f(X)], contradicting to our

hypothesis. Hence E [ £(X,)] — E [£(X)] and X, - X. -

Theorem 2.26 (Skorokhod Representation)
d : .
Suppose u, — pon R. Then there are corresponding random variables X,, X for u, and u

such that X,, ~ u,, X ~ uand X,, —» X almost surely.

Proof. Let F, and F be the CDFs for u, and u, respectively. Take Q = [0,1], ¥ = 8 and P

be the Lebesgue measure on [0, 1]. Put
X,(w) =sup{x e R| F,(x) <w} and X(w)=sup{x € R| F(x) < w}
with the convention that sup @ = —c0. Then
P{X,<x}=P{w|w<F,(x)} =F,(x) and P{X <x}=P{w|w<Fkx)}=F(x).

It now suffices to show that X, — X almost surely. Indeed, since F,,, F are CDFs, there
are only at most countable discontinuities. Let w be a point of continuity of X. We may find
another continuity point such that F(y) < w. The convergence in distribution implies that

F,(y) — F(y). Hence for n large enough, we have F,,(y) < w and hence X,(w) > y. Thus
liminf X, (w) >y
n—oo

for all y < X(w). Thus
liminf X, (w) > X(w).
n—o00
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Similarly, pick a continuity point y such that F(y) > w would give

limsup X,(w) <y

n—oo

for all y > X(w) and thus
lim sup X, (w) < X(w).

n—oo
Combining the above results gives that X,, — X almost surely, since X is continuous almost

surely. [ |

Corollary 2.27

Let g > 0 be a continuous measurable function on R and X, 4 X. Then
E[g(X)] <liminfE [g(X,)].
n—oo

Proof. LetY, and Y be the Skorokhod representations for X,, and X, respectively. Since now
g(Y,) — g(Y) almost surely, the Fatou’s lemma shows that

E[g(X)] =E[¢(Y)] < liminfE [g(¥,)] = liminf E [g(X,)] .

Theorem 2.28 (Helly-Bray)
Suppose that X,, and X are R-valued random variables. Then X, 4 X if and only if

E[g(Xn)] — E[g(X)]
for all g € Cp(R).

d :
Proof. Assume first that X;, — X. By the Skorokhod representation theorem, we may as-
sume that X, and X are defined on the same probability space and X,, — X almost surely.
Now, since for all g € C,(R), g(X,) — g(X) almost surely and are uniformly bounded, the

bounded convergence theorem implies that

E[g(X)] = E[g(X)].

Conversely, suppose that E [g(X,,)] — E[g(X)] for all g € C,(R). Let F,, and F be the
distribution functions for X,, and X respectively and x be a continuity point of F. For € > 0,

consider

=

y<x
8e(y) =41-X x<y<x+e

€

0 y=>x+e.
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Clearly gc € C»(R). Let g(y) =1{y <x}.

limsup F,(x) = limsup E [g(X,)] <limsupE [gc(X,)] = E[ge(X)] < F(x + €).

n—oo n—oo n—oo

Since € is arbitrary and F' is continuous at x, we have

lim sup F,(x) < F(x).

n—o0

On the other hand,
liminf F,(x) = liminf E [g(X,,)] > liminf E [g. (X, + €)] = E[ge(X + €)] = F(x + €) > F(x).
n—oo n—oo n—oo

Hence F,,(x) — F(x) and the proof is complete. [

Remark
The theorem gives an equivalent definition for the convergence in distribution in R-valued

case.

Theorem 2.29 (Continuous Mapping Theorem)

d . . . d
Let X, —» X in Rand g be a measurable function continuous ux-almost surely. Then g(X,,) —
8(X).

Proof. By the Skorokhod representation theorem, we may assume that X,, and X are on the
same space and X,, — X almost surely. By the continuity of g, we have g(X,,) — g(X) almost
surely. For all f € C,(R), f(g(X,)) — f(g(X)) almost surely as well. Since f o g is bounded,
the bounded convergence theorem gives E [ f(g(X,))] — E[f(g(X))]. By the Helly-Bray
theorem, this implies that g(X,,) 4 g(X). [

Remark
If g is bounded, then E [g(X,,)] — E [g(X)] directly by applying bounded convergence theorem
on g(X,) and g(X).

Example
X, ~ U[-1, 21 % 60 Let g(x) = 1{x > 0}. Then g(X,) ~ Ber() > g(X) ~ 61.

’n

Definition 2.30
A metric space (S, d) is Polish if it is complete and separable.

Theorem 2.31 (Portmanteau)
Suppose that (S,d) is a Polish space. Let X,,X : Q — S be random variables. Then the

followings are equivalent:
@ X, -5 X.
() If G C S is an open set, then liminf, ., P(X, € G) > P(X € G).
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(¢ If F C Sis a closed set, then limsup,,_,,, P(X, € F) <P(X € F).
(d) If A C S satisfies P(X € 0A) = 0, then lim,_,, P(X,, € A) = P(X € A).

Proof. We start from proving (a) implies (b). Let G C S be an open set. For any continuous
function with 0 < f < 1g5,wehave E[f(X,)] - E[f(X)]and E [f(X,,)] < P(X,, € G). Hence

E [f(X)] <liminf P(X, € G).

Take f /" 15 and by LMCT, since f(X) " 15(X), E [16(X)] € liminf,_,., P(X,, € G).
To see that (b) and (c) are equivalent, note that if liminf, .., P(X, € G) > P(X € G) for
all open G, for every closed F,

limsupP(X, € F) = —liminf —-P(X,, € F) = 1 - liminf P(X, € F°)
n—oo n—oo

n—oo

<1-P(XeF)=P(X€F).
Conversely, if lim sup,_,, P(X,, € F) < P(X € F) for every closed F, then

liminf P(X, € G) =1 - limsupP(X, € G°) > 1-P(X € G°) =P(X € G).
n—o00

n—oo

Now, assume that (b) and (c) holds. If A C § satisfies that P(X € dA) = 0, then we have
P(X € A) = P(X € A°). Now,

P(X € A°) < liminf P(X,, € A°) < liminf P(X, € A)

<limsupP(X, € A) < limsupP(X, € A) <P(X € A) = P(X € A°).
n—oo n—oo
Hence lim,, ,., P(X,, € A) = P(X € A).
Finally, assume (d) holds. We prove that (d) implies (c) and (b) implies (a). For any closed
F, consider the closed e-neighborhood

F.={seS|d(F,s) <e}.

Now 0F. = {s € S | d(F,s) = €} are disjoint for distinct € > 0. Since X can accumulate mass
on only countably many such sets, P(X € dF) = 0 for almost every €. Picking ¢, — 0 such
that P(X € 0F,,) = 0, we have P(X,, € F) < P(X, € F¢). Taking n — oo,

limsupP(X, € F) <limsupP(X, € F,) =P(X € F,).

n—oo n—oo
Now taking ¢, — 0,

limsupP(X, € F) <P(X € F).

n—oo
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To see that (b) implies (a), let f € Cp(S) with f > 0. By lemma 2.12, (b), and Fatou’s lemma,

E[f(X)] = /WP(f(X) > 1)dt < /Wlimian(f(Xn) > 1)dt
0 O n—oo
< lim inf/ P(f(X,) > t)dt =liminf E [ f(X,,)] .
n—oo 0 n—oo
Suppose f < C, replacing f with C — f gives

C-E[f(X)] sliﬁglfC—E[f(Xn)] =C-limsupE [f(X,)].

n—oo

HenceE [f(X)] > limsup,_,., E[f(X,)]. WeseethatE [ f(X)] = lim, . E [f(X,,)] for f >0,
f € Cp(S). For general f, write f = f© — f~ and the conclusion follows by applying above

arguments to f* and f~. [ ]

Example

For a random variable X on RY, consider the perturbated version X, = X + 0,Z with o, \, 0
and Z being independent of X, uy <« A where A is the Lebesgue measure. We claim that
X, 4 X. For any open G and € > 0, define

G_¢= {x e R? ’ Be(x) C G} .
Then
P(X,€eG)=2P(X eG_,||0.Z|| <€) =P(X € G_¢) P(||0Z]| < €).

Taking n — oo, liminf, ., P(X, € G) > P(X € G_,). Then taking ¢ — 0 gives

liminf P(X, € G) > P(X € G).
n—oo

d
By the portmanteau theorem, X,, — X.

Theorem 2.32 (Helly’s Selection)
For every sequence of distribution F, on R, there is a subsequence F,, — F pointwise at

continuities where F is a non-decreasing, right-continuous function.

Proof. Since R is separable, there is a countable dense subset D. For x; € D, pick a sub-
sequence F,, such that F,, converges at x;. This is possible due to the Bolzano-Weierstrass
theorem. Proceed with xo € D and extract subsequence from F,,. Continue this process
and take the diagonal. We obtain a subsequence F),, such that for every x,, € D, F,, (x,;)

converges. For general x € R, define

F(x)= inf lim F, (y)

yeD,y>x k—oo

where x,, € D is such that x,, /" x. It is clear that F is non-decreasing.
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Next, for each x € R and € > 0, there is y € D with y > x such that
F(y) = klim Fy, (y) < F(x) +e.

Hence F is right-continuous.
If x is a continuity of F, then for ¢ > 0 we can also choose z € D with z < x such that
F(z) = F(x) — €. Now
Fi(2) < Fp (x) < Fy ().

Taking k — oo,
F(x)—e<F(z) < lillcnian"" (x) <limsup F,, (x) < F(y) < F(x) + €.
-0 k—oo0

Since € is arbitrary, we conclude that F,, (x) — F(x). Hence F is the desired function. [

Remark
A sequence of distribution function F, converges pointwise at continuities to F does not imply
that F is a distribution function. One may consider F, (x) = 1{x > n}. Asn — oo, F, converges

pointwise at continuities to F = 0.

Definition 2.33
A collection of probability measures {u,} on S is uniformly tight or simply tight if for every
€ > 0, there is a compact set K C S such that u,(K¢) < € for every a.

Remark
An alternative definition is that

liminf yu,(B,) — 1
as r — o for {u,} with u, being defined on normed space.

Definition 2.34

A sequence of probability measures {u,} on R is said to converge vaguely if

[ rau~ | sa

for all f € C.(R).

Remark
Since C.(R) c Cp(R), converging weakly implies converging vaguely. Also, the u in the def-
inition of the vague convergence is not necessarily a probability distribution. This is exactly

what we see in the remark of Helly’s selecetion theroem.

Theorem 2.35
Let 1, be probability measures on R such that u, 5 u. Then the followings are equivalent:
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(@) {un} is tight.
(b) uis a probability measure, i.e., u(R%) = 1.

d
(c) up — u.
Proof. Assuming (c), then

[ sau~ [ a

for all f € C,(R?). Take f = 1 shows (b).
Suppose that (b) holds. For any open ball B, c R?, consider f € C.(R?) with0 < f <1 B,-

For every n, we have
[ s < ().
Also,
[ st~ [ rau< s

by the vague convergence. Thus

/ fdu = liminf/ fdu < liminf u,(B,).
n—oo n—oo

Taking f " 1p, gives u(B,) < liminf, . u,(B;). Now takingr — oo givesliminf, o u,(B;) —

1 as r — oo and hence {u,} is tight.
Suppose (a) is true. Fix any f € C,(R?). For every open ball B,, consider g, € C.(R%)

with f|p, < g < f. Then
/grdﬂn_/grdﬂ +/|f—gr|dﬂn+/|f—gr|dﬂ-

Vfdﬂn—/fdu

Since {u,} is tight, for every € > 0 there is some M such that » > M implies y,(B¢) < € and

‘/ fdun—/fdﬂ /grdun—/grdu

Taking n — oo yields
[ saun- [ san

Taking r — oo gives g, — f and

<

<

" ||f||006+/ - gl du.

< ||f||ooe+/ 1 - gl du.

lim sup

n—oo

timsup [ fdu, - [ o <117
n—oo
Since € is arbitrary, we conclude that / fdu, — / fdu and u, 4 u. [

Theorem 2.36 (Prokhorov)
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Suppose u, is a sequence of probability measures on R. {u,} is tight if and only if every

subsequence of u, has a further subsequence converging weakly.

Proof. Suppose that {u,} is tight. By Helly’s selection theorem, for every subsequence of
U, we may extract a further subsequence converging vaguely to a measure u. By the theo-
rem 2.35, u is a probability measure.

Conversely, suppose that {u,} is not tight. For every € > 0 and £ € IN, we can pick u,,
such that uy, (B)) > €. For this sequence, we may extract a further subsequence ;) such
that it converges weakly to u and it follows from theorem 2.35 that {, (i)} is tight. However
un(kj)(sz) > € for every k;, posing a contradiction. Hence {u,} is tight. [

Proposition 2.37
Let X, be a sequence of random variables. If there is ¢(x) > 0 such that ¢(x) — coas ||x|| — oo
and E [¢(X,)] < C for all n, then {X,} is tight.

Proof. Notice that

CzE[¢(X)] 2 E[o(X)L{||IX,]| 2 }] = (Il/ivrlllfr(ﬁ(X)) P([|[Xull 2 7).

Hence

P([[Xull 2 7) < 0

B T
inf| > #(x)
as r — oo, Thus {X,} tight. [
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2.3. Characteristic Functions

Definition 2.38

Let X be an R-valued random variable. The characteristic function of X is defined as
¢x(t) = E [¢"¥] = E [cos(tX)] + i E [sin(tX)] .

Remark
The characteristic function always exists for every t € R since x — cos(tx) and x +— sin(zx)

are bounded functions.

Remark
If X has distribution u, we also write i = ¢x. It is somtimes called the Fourier transform

of the probability measure p.

Example
If X ~ Ula, b], then

b b ibt _ iat
¢x(t) =E[cos(tX)] +iE [sin(tX)] = / cos(£x) dx +i/ sin(1x) dy =& ¢ —.
. b- s b-a (b - a)it
Example
If
: 1
¥ - n  with prob. 5
—n  with prob. %,
then ) )
ex(t) =E[e"¥] = éeim + Ee_i"’ = cos(nt).
Example

If X ~ Poisson(A), then

[o¢]

) /1]( o0 it/l k )
ox (1) = Z e”ke_’lﬁ =e¢! Z (ek') = exp(d(e” - 1)).
k=0 : k=0 "

Proposition 2.39

Let X be an R-valued random variable. Then the followings are true:
@ ¢x(0) =1
®) ¢x(~1) = ¢x(0).
(e |lex()] <L
@) Qax+(1) = e ox(ar).
(e) If X and Y are independent, then ¢x.y(t) = ¢x(t)py(2).

Proof. (a) is trivial. For (b), px(-t) = E [e‘”X] =E[cos(tX)] —i E [sin(tX)] = px(¢).
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For (c), |ox(1)| <E [|e"*]] < E[1] = 1.
For (d), SDaX+b(t) =R [eiatX+ibt] — eith [eiutX] — eib’gox(at).
For (e), px+y (1) = E [ = E [¢"™]| E [e™] = gx()ey (1). =

Remark

For (e), inductively we have that for independent variables X,,
n
Pxieix, (0 = [ [ ox (0.
i=1

Example
Z ~N(0,1). Then

¢z (t) =E [cos(tZ)] +i E [sin(tZ)]
= / cos(tx)\/%_n exp(—x;)dx + i/ sin(tx)\/% exp(—x;)dx
1 x?
= / cos(t)c)\/7_7r exp(—E)dx,

@z(t) —@z(s) [ cos(tx) —cos(sx) 1 x?
t—s _/ r—s @eXp(__)dx‘

By the mean value theorem, |cos(tx) — cos(sx)| < [sin(c)||tx — sx| < |x| |t — 5| for some con-

Now

stant lying between tx and sx. Hence

cos(tx) — cos(sx)

t—s

o) =)
exp|l——| < |x| —exp|——
2m 2 2m 2

which is integrable. It follows by LDCT that taking t — s

¢z(s) = _/ sin(sx)x\/% eXP(—X;)dx = / sin(sx)d(\/% exp(—x;))

2
= —s/ cos(sx)\/%_ﬂ exp(—%)dx = —spz(s).

Solving the ODE with initial condition ¢z(0) = 1 gives
12
pz(1) = exp(—g)-

In general, if X ~ N(u,02), X = u+ 0 Z and

o212
px (1) = exp(iut - T)
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Theorem 2.40 (Inversion Formula)

Let u be a probability measure on R with characteristic function ¢. Then

1 T ,—ita _ ,—ith 1
lim —/ #(p(t)dt =pu(a,b) + =uf{a,b}.
-T it 2

Proof. Put

T o T o
o(T.1) :/ sin(Ar) dr :/ sin(At) Jr.
-T t 0 t

Note that g(7,1) — 2sgn(1)% = nsgn(1). Now
2

1 T e—ita _ e—itb
JT)=g= | ———()dt
2n J_r I

t
1 T b )
=5 /T / e " o(t)dydt
- a
1 T b )
= 2—/ / / e "0 dy (x)dydt
TJ-T
) T b o
= e "™ dydtdu(x)
2n / [T ‘/a

_ 1 T sin(¢(b — x)) — sin(t(a — x))
=5 / [T dtdu(x)

t

1 T [cos(t(b —x)) — cos(t(a — x))]
+ ﬂ / [T dtd/.l(X),

t

where the fourth equality uses Fubini’s theorem, which is valid since [-7,7T] X [a,b] X R1is
of finite measure (u(R) = 1) and |e_”(y _X)| < 1. Notice that

_ [cos(t(b —x)) —cos(t(a — x))]
t

is a bounded odd function. Hence

1 T sin(¢(b - x)) — sin(t(a — x))
f(T) = o / [T drdu(x)

t

- = / ¢(T.b—x) - g(T.a - x)du(x).
Since g(T, 1) — msgn(A),

2n ifx € (a,b)
g(T,b—x)-g(T,a—x) > yn ifx e {a,b}

0 otherwise
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as T — oo. By the bounded convergence theorem,

FT) = 5 (2mpu(a,b) + w0, b)) = (a, b) + Sp {a, b}
as T — oo. [}

Remark

) .y . ) . d
The theorem establishes that the characteristic function is unique, i.e., if ox = @y, then X =Y.

Corollary 2.41
Let X be a random variable on R with characteristic function ¢x. Then X is symmetric if and

only if ¢x is real.

Proof. Suppose that X is symmetric. Then ¢x(t) = ¢_x(1) = ¢x(—t) = ¢x(t). Hence px(7)
is real. Conversely, if ¢y is real, px (1) = ¢x(t) = ¢x(—t) = ¢_x(¢). By the uniqueness of

characteristic functions, X 4 _X and X is symmetric. [

Lemma 2.42

Let u be a probability measure on R with characteristic function ¢. Then for r > 0, we have
2/r

,u{x||x|2r}£g/ 1— o(r)dt

-2/r

Proof. By Fubini’s theorem, since (¢, x) — |1 — ei’x| is integrable on [-2/r,2/r] X R,

2/r 2/r i 2/r .
/ 1-¢(t)dt = / / 1-e™du(x)dt = / / 1 - e™dtdu(x)
-2/r -2/r -2/r

4 sin(2x/r) 2 2x

since sin(y) < y/2 for all y > 2. Rearrange the inequality

2/r

,u{x||x|2r}£%/ 1- o(t)dt.

-2/r

Proposition 2.43
Let {1y} be a set of probability measures on R and {¢,} be their characteristic function. Then
{ua} is tight if and only if {¢.} is equicontinuous at zero.

Proof. Suppose that {¢,} is equicontinuous at zero. Note that ¢, (0) = 1 for all a. For every
€ > 0, thereis r > 0 such that 1 — ¢, () < e for all t € [-2/r,2/r]. Then lemma 2.42 gives

2/r

2
,ua{x||x|2r}§£/ 1—¢a(t)dt§£-2-—6:26.
2 2 r

-2/r
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Since € is arbitrary, {u,} is tight.
Conversely, assume that {u,} is tight. Let X, ~ u, be the corresponding random vari-
ables. For any 7 € R,

|t () = pa(0)] = |E [eitX" - 1]| <E [|]_ — oitXa

| <E[min{2, [1X,|}],

where the last inequality is due to |1 - e”X“| <2and

tXa . |ZX(1| X
—i/ eds S/ |e’s|ds = [tXy|.
0 0

Since {X,} is tight, for every € > 0 there is M > 0 such that P(|X,| > M) < €. Hence

1-— eitX(,

1o (1) = 1o (0)] < E [min{2, [1Xo|}] < 2P(|Xo| = M) +2M [t] < 2(e + M [t]).

Take |t| — 0 and since € is arbitrary, the equicontinuity follows. [

Theorem 2.44 (Levy’s Continuity Theorem)

Suppose u, are random variables on R with characteristic function ¢,(t). Then
d ) . .
(@) If u, — w, then ¢,(t) — ¢(t) for all t € Rwhere ¢ is the characteristic function of u.
. . .. d
®) If ¢, (1) — ¢(t) and ¢(t) is continuous at 0, then {u,} is tight and u, — u where u has

characteristic function .

d
Proof. For (a), suppose that u, — u. Then for every f € Cp(R),

[ rau~ [ ran

In particular, taking f : x — cos(zx) and f : x > sin(zx) shows that

cp,,(t):/cos(tx)dun+i/sin(tx)a’,un—>/cos(tx)d,u+i/sin(tx)d,u:<p(t).

For (b), by lemma 2.42 and bounded convergence theorem,
r 2/r r 2/r
lim sup u, {x | |x| > r} < lim —/ 1-¢,(t)dt = —/ 1—(t)dt.
n—oo n—eo 2 -2/r 2 -2/r

Since ¢(¢) is continuous at 0,

r 2/r
— / 1-p(t)dt - 0
2 -2/r

as r — oo, This implies that {u,} is tight.
Now, suppose that u, does not converge weakly. Then we can find € > 0, f € C, and a

‘/f@w—/f@
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for every k. By Prokhorov’s theorem, we can extract a further subsequence converging
c . .. d
weakly, which is a contradiction. Hence u, — u. [

Theorem 2.45
Suppose that X is a random variable on R with E [|X|"] < oo and has characteristic function
¢(t). Then ¢ € C"(R) and

(1) = E[(iX)"e"™].

Proof. We prove the result for n = 1. The other orders follow inductively. For t € R,

plt+h) —¢) _of mxe™ -1
h
Note that " _
it e -1 < cos(hx) — 1 N sin(hx) <2,
h h h
Since E [2 |X|] < oo, LDCT gives
eihX -1

/tzl' E itX
¢ hlg(l) ¢ h

] = E [¢"¥(iX)] .

Remark
The converse does not hold in general. We provide an example where ¢(x) is differentiable at
0 but E [|X|] = . Consider the random variable defined by P(X = +k) = m for k > 2

where ¢ is some normalizing constant. Then

E X1l = Z klog(k)

Since the integral

« 1
dx = log(l g =
| s = lostog)ly = s,

the first moment is not finite. However,

3 o cos(k?) oo - 0 3
(1) = 2¢ ZkZI o ¢(0)_2ckzzzklog(k)_

Corollary 2.46 (Taylor Expansion)

Let ¢ be a characteristic function of a random variable X with E [|X|"] < c. Then as t — 0,

n O\ k k
o(t) = Z M +o(1").

!
= k!
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Proof. By theorem 2.45, we can consider the Taylor expansion of ¢ up to order n at r = 0.

n o0 (0)rk *E[(iX)k] * " (in*fE [ X*
k=0 ’ k=0 : k=0 :

ast — 0.
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2.4. Central Limit Theorems

Theorem 2.47 (Central Limit Theorem I, Lindeberg-Levy)
Let X; be independent and identically distributed random variables with E[X;] = 0 and
E [X?]| =1 Let X ~ N(0,1) and S, = Y, Xi. Then

Lo 4y
—S, -
\/ﬁn

asn — oo,

Proof. Notice that ¢x (1) = exp(—t2/2) and by corollary 2.46,

n 2 n
t t 9
o450 =] Jon[ ) = (1= 55 + o] = expi=rts2
i=1
as n — oo for fixed 7. Hence %Sn 4 X by the Levy’s continuity theorem. [

Theorem 2.48 (Central Limit Theorem II, Lindeberg-Feller)

For each n, let X,,;, 1 <i < n be random variables with mean 0 and S, = },;-, Xni;. Suppose
(a) For given n, X, ; are independent.

(b) Var [Z?zl Xn’,-] =x,E [Xf’i] — o2 asn — oo,
(c) Forall e >0, lim,_,o )" | E [Xf’il {|Xn,,~| > e}] =0.
Then S, 4 N(0, 0?).

Proof. We begin the proof of the theorem by the following claim. For € R, we have

noo.Nk n n+l
it (ir) 2] i
= ) Smm{ nl D]

k=0
To see this, let g,(7) be the difference on the left hand side. For n = 0, the inequality holds
trivially. Now suppose that the inequality holds for n.

(ll‘)k / Z (lS)kds — i/zgn(s)ds.
0

1

n+
gn+1(t) = eit
k 0

Now

t | |n+1 |n+2

_ e
n+ DT e

19 |S|n 2 |t|n+1
gl < [ ks = 2 and g (o) <

The claim follows by induction.
=E [X 2 ], then

Now notice that for given n, if Z,; ~ N(O, 0' ;) are independent with o2 i

I’ll

Di<n Zni —> Z ~ N(0,02). Let the characteristic functions for Z,i be ¥, ;. Note that for
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complex numbers z; and w; with |z;|, |w;| £ 1, we have

[T [ = el

i<n i<n i<n

If n = 2, |z122 — wiwa| < [z122 — Z1we| + |z1w2 — wiws| < |z2 — we| + |21 — wi|. The general
case follows by induction. It follows that if ¢, ; are characteristic functions for X,, ;,

I_I ‘Pn,i(t) - rl ‘ﬁn,i(t)

< Z |‘Pn,i(t) - ‘/’n,i(t)|

i<n i<n i<n
O-;?i 2 2. 2
SZ (pn,i(t)_l"' +Z l//n,i(t)_1+
i<n i<n
2 .2
ORI = I R
i<n i<n

Now by the claim we have for all € > 0,

_ {2|txn,,~|2 |tXn,,-|3}]
min .
2! 3!
K

< 1P E X0l 1 {[X0i] > €}] +—E[|X,,,| 1{|X,] < e}

2I2

itXni n,i

El|le -1+ <E

<P B | [Xil 1{]X0] > e} | + .

1% < 4

< WP B {0 1 {|X0i] > e} | + —5

Let O' = Yi<n 0,,;- The claim applies to Z,; gives

Zut* || 1P 51 _ Il
ZE -1+ || = D[] = T e B ]
1<n i<n i<n
< |f|3 E [|Y|3] 2
< — o) Sup O,
6 i<n
Hence
[Teni - [Ton0] = S P E[x0 1 {[%0] > €] + o2 '2 [1¥P] o2 sup o,
i<n i<n i<n isn

eltl’ Itl3
+ — Y
el E[|Y]]o?
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as n — oo since

1/2 1/2
sup o, = [sup ‘73,1‘ = |supE [Xiil {|Xn’,~| > e}] +E [Xf’l-l {|Xn,,-| < e}]
i<n

i<n i<n

< (62 + D E[X21{|X,] > e}])l/2 —e

i<n

d
as n — oo, Since € is arbitrary, we conclude that |]_[,~S,, ni(t) = [Ti<n l//n,i(t)| — 0and S, —
N(0,02). n

Corollary 2.49 (Central Limit Theorem III, Lyapunov)
Let X; be independent with E [Xj] =0and a2 = 2. j<n Var(X;). Suppose that there is 6 > 0

such that E [|Xj|2+6] < oo and

Then 1
d

nj<n

Proof. PutY,; = a,1X;. Note that

1
Var :—2-053:1
ay

2, ¥us

j<n

and for € > 0,

1 1
ZE [Ynz,jl {[¥]> 6}] =2 ZE [X,ijl {|Xn,j|5 > (ane)(s}] ST ZE [|X,,,j|2+6] -0
n

j<n n j<n j<n

as n — oo. Hence by the Lindeberg-Feller theorem, ;! 3’ j<n Xj 4 N(0,1). ]

Example
Let X; ~ Ber(p;) be independent random variables and S, = %<, X;. Then

Sn -E [Sn]

v/ Var(S,)

if Var(S,) — oo. To see this, write Y; = X; — p; and ]2 =Var(¥;) = E [YJZ] =p;j(1-pj). Let
2+6] <E [Yf] = 0']2 and

4 N, 1)

6 > 0 be given. Since |Y,| <L E [|Y,|

1 246 1 2 -5
—_ E E [ Y;: ] < — E > = Var(S 0.
Var(S, )2+ = | J| Var(S,)2+9 = 7 ar(Sn)™ =
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By the Lyapunov theorem, we conclude that

Sn -E [Sn]

vVar(S,)

4 N0, 1).

Theorem 2.50
For given n, X, ; ~ Ber(py,;j) with 1 < j < n are independent. Let S, = ) <, Xu ;. If

(a) ngn Pnj > AE (0, c0)
(b) max;<, pp; — 0,

then S, LA Poisson(A).

Proof. Let ¢, ;(t) =1+ p,, J-(e” — 1) be the characteristic functions for X, ;. Then

n

log(QDSn (t)) = Z log(gond(t)) = Zlog(l + pn,j(ei[ _ 1))

J=1 J=1
n . .
= > puje" = 1) +0(pn;) = A" - 1),
j=1

where we use the fact that log(1 + x) = x + 0o(x) as x — 0 and condition (b) implies that the
. . . ; d .
Taylor expansion is valid. Hence ¢g, (1) — exp(A(e’ — 1)) and S,, — Poisson(1). [

Example

The independence assumption of the random variables can sometimes be relaxed. Consider
the random permutations of {1,...,n}. We are interested in finding the distribution of the
number of fixed points for the random permutations. Define X, ; = 1{n(j) = j} where n is a
random permutation and S, = Zan Xn,j. Put A, j = {Xn,j = 1}. Then

P(Sy > 0) = P(U_ Ay ;) = > P(Ay )= ) P(Ayj0P(Ay0)) -+ (1) P(A, 10N Ay ).
J

k<j
Note that ( Ny
n—r)!
P(An,l-lm~~~nA,,,,~r): o .
Hence
(=D [(n\(n-2)! a1l 1 1 ae1 1
P(S,>0)=n- il PY ey +--+(-1) a_1—2—!+§—---+(—1) pt

ThusP(S,=0)=1-1+ % R (—1)”% — e Lasn — oo. Fix k entries. The remaining n—k

entries with no fixed points has combinatorics a,_;. Thus

n\day,— [
P(Sn:k):(k)";—'k, and P(S,,_k:O):(niz)Y.
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P(Sn = k) - (n) (n - k)' P(Sn_k - O) - le_l

k n! k!

for given k. We see that S, KA Poisson(1).
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3. Conditional Expectation and Martingale

3.1. Conditional Expectation

Definition 3.1
Let (Q, F, P) be a probability space and X € L1(Q). The conditional expectation of X with

respect to a o-algebra G C ¥ is a G-measurable random variable Z such that

/ZdP:/XdP
A A

for every A € G.

Remark
Define

v(A) = / XdP.
A
It is clear that v < P —in particular on G — and hence the Radon-Nikodym theorem implies
that there is a almost surely unique random variable Z € LY(Q,G,P) such that v(A) =
/A ZdP. Hence the conditional expectation is well-defined. We may denote the conditional

expectation of X with respect to G as E [X|G]. For random variable Y, we write E [X|Y] =
E[X|o(Y)].
Proposition 3.2
Let (Q, F, P) be a probability space and G C F is a o-algebra. The followings are true:

(b) If o(X) is independent of G C F, then E [X|G] = E [X].

(c) Force R E[cX+Y|G] =cE[X|G] +E[Y|G].

(d) If X <Y almost surely, then E [X|G] < E [Y|G] almot surely.

e E[E[X|G]I] <E[IX]].

() If f is convex, f(E[X|G]) <E[f(X)|G].
Proof. For (a), note that X is ¥ -measurable and for every A € ¥, E [X14] = E[X14]. Hence
X satisfies the required condition for it to be the conditional expectation. E [X|F] = X by
the uniqueness of the conditional expectation.

For (b), since the constant is G-measurable and E [X14] = E [X] E [14] = E [E [X] 14]

for every A € G, we have E [X|G] = E [X].
For (c), it is clear that c E [ X|G] + E [Y|G] is measurable. Also, for every A € G,

E[(cX+YV)14] = cE[X14] + E[Y14] = cE[E [X|G] 14] + E [E [Y|G] 14]
=E[(cE[X|G] +E[Y|G])1a].
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Hence E [cX +Y|G] = cE [X|G] + E [Y|G].
For (d),let A = {E[Y|G] —E[X|G] > 0} = {E [Y — X|G] > 0}. By the definition of condi-

tional expectation, since A € G,
E[E[YIG] -E[XIGDI4] =E[E[Y - X|G] 14] = E[(Y - X)14] 2 0
due to the assumption that X <Y almost surely. If P(A) > 0, we also have
E[(E[Y|G] - E[X|G])14] <0,

which is a contradiction. Thus P(A) = 0 and we conclude that E [X|G] < E [Y|G] almost
surely.
For (e), we may take A = {E [X|G] = 0}. Then

E[|E[X|G]l] = E[E[X|G]14] - E[E [X|G] 14c] = E[X14] - E [X14] < E[|X]],

proving (e).
For (), note that by the convexity, there are a, b such that f(x) > ax + b and f(xg) = xo
for some x(. Taking xo = E [X|G],

FE[X|G]) =aE[X|G] +b =E[aX + b|G] <E[f(X)|G]

by (c) and (d). [

Proposition 3.3
Let (Q, F,P) be a probability space, X,,X € L1(Q) and G C F be a o-algebra. Then the

followings are true:
(@ If X, /” X and X, >0, then E [X,|G] /" E [X|G] almost surely.
®) If X, — X almost surely and |X,| <Y € L1(Q), then E [X,|G] — E [X|G] almost
surely.

(c) E[liminf, .. X,|G] < liminf, .. E [X,|G] almost surely.

Proof. For (b), by assumption and LDCT we have X, — X in £!. The proposition 3.2 (e)
implies that E |E [X,, — X|G]| < E [|X,, — X|] — 0. Hence (b) follows.

Now for (a), proposition 3.2 (d) implies that E [X,|G] is incresing. Since X,, < |X| € £,
(b) shows that E [X,,|G] — E [X|G].

Again, by proposition 3.2 (d), E [inf;s>, X¢|G] < E [X,,|G] for every m > n. Thus

< inf E [X,|G] .
m2n

E [inf X6
k>n
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Since infy>, X; " liminf, .. X, we may take n — co and the result from (a) gives
E [lim inf X,,|g] < liminf E [X,|G]
n—oo n—oo

as desired. n

Proposition 3.4
If c(X) cGand E[|Y|],E[|XY]] < o, then E [XY|G] = XE [Y|G].

Proof. Suppose first that X = 15 where G € G. Then for any A € G,
E[XE[Y|G]14] =E[1614E[Y|G]] = E [16Y14] = E [E [16Y|G] 14] = E [E [XY|G] 14]

since G N A € G. By the linearity this extends to the case where X is simple. For X > 0,
there are simple functions X,, / X almost surely and hence X,,Y — XY with |X,Y| < |XY]| €
L. By proposition 3.3 (b), E [X,Y|G] — E [XY|G] almost surely. Also, |E [X,Y|G] 14| <
E[|X.Y]1G] 14 <E[|XY[] 14 € L.

E[XE [Y|G] 14] = lim E [X, E[Y|G] 14] = lim E[E[X,¥|G] 1] = E [E [XY|G] 1]

where the first equality follows by | X, E [Y|G] 14| < |XY1,4| € £! and then applying propo-
sition 3.2 (f) with f(x) = |x|, X, E[Y|G]14 — XE|[Y|G] 14 and LDCT. The general case
follows from the decomposition X = X* — X~ and X,, = X, - X,,. |

Proposition 3.5 (Law of Iterated Expectation, Tower Property)
Let (Q, F,P) be a probability space and H C G C F are o-algebras. Then

(@ E[E[X|H]|G] = E [X|H].
®) E[E[X|G]|H] = E[X|H].

Proof. For (a), since E [ X|H] is G-measurable, proposition 3.4 implies that E [E [X|H] |G] =
E [X|H] E[1]|G] = E [X|H].
For (b), first not that both sides are /-measurable. For A € H c G,

E[E[E[XIG] [H]14] = E[E[X|G] 14] = E [X14] = E [E [X|H] 14] .

The conclusion follows. []

Corollary 3.6

For random variables X,Y € L1, we have
E[E[X|G]Y] =E[XE[Y|G]] =E[E[X|G]E[Y|G]].
Proof. By the tower property,
E[E[X|G]Y] =E[E[E[X|G]YI|G]] =E[E[X|G]E[Y|G]].
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Similarly,

E[XE[Y|G]] =E[E[XE[Y|G]|G]] =E[E[X|G]E[Y|G]].

Remark
If we view E [XY] = (X, Y), then corollary 3.6 is effectively saying that the conditional expec-

tation operator is self-adjoint.

Proposition 3.7
Let (Q, 7, P) be a probability space and G C F be a o-algebra. Consider the minimization
problem

inf E[(X-2)?
Zellnz(g) [( ) ]

where X € L2(F). Then the minimum is attained in L2(G) and the minimizer is given by

Z = E[X|G].

Proof. First notice that £2(G) is a closed convex subset of £2(F). Hence the minimum is

attained by a unique minimizer. Now rewrite the expression as
E[(X-2)?| =E[(X-E[XIg])*|+E[(Z - E[XIG])*| -2E [(X - E[XIG])(Z - E[XIG])].
By the tower property, the third term becomes

E[(X-E[X|g)(Z-E[X|g])] =E[E[(X -E[X|g])(Z - E[X|g])|G]]
=E[(E[X|g] -E[X|g])(Z -E[X|g])] = 0.

To minimize the expression, it suffices to minimize the second term, which gives the solution
Z =E[X|G]. [

Remark

The proposition gives a characterization of conditional expectations. In fact, we can conversely
view the conditional expectation as an projection operator E [-|G] : L2(F) — L2(G). Since
L2 is dense in L' under ||-||1, the projection operater extends to E [-|G] : LYF) — L1(G).
For X € LYF), we may choose X, — X in L' where X, € L? and define E [X|G] =
lim, . E [X,|G].

Definition 3.8
Let X,Y € L£? be random variables. For any o-algebra G C F, the conditional covariance
is defined as

Cov[X.Y|G] = E[(X -E[X|g])(Y -E[Y|G])|G] = E[XY|G] - E[X|G]E[Y|G] .

The conditional variance is defined as Var [X|G] = Cov [X, X|G] = E [X%|G] - E[X|G]*
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Lemma 3.9 (Law of Total Variance)
Let (Q, F,P) be a probability space and G C F be a o-algebra. For any random variables
X,Y € L2

(@) Var [X] = E [Var [X|G]] + Var [E [X|&]].
() Cov|[X,Y] =E|[Cov|[X,Y|G]] +Cov |[E[X|G].E[YIG]].

Proof. We prove only (b). (a) follows immediately by replacing Y with X. By the tower prop-
erty,

Cov[X.Y] =E[XY] -E[X]E[Y] = E[E [XY|G]] - E[E [X|G]] E [E [Y|G]]

= E[Cov [XY|G]] + E [(E [X|G])(E[Y|G])] - E [E [X|G]] E [E [Y|G]]
= E [Cov [X,Y|G]] + Cov [E [X|G]] .
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3.2. Martingale

Definition 3.10
Let (Q, 7, P) be a probability space. A stochastic process is a collection of random variables
X :Q — (S,8) wheret € T. T is a totally ordered index set.

Remark
T is often taken to be Z., or R,, which represents the time. If T is countable, we say that X; is

a discrete time process and continuous time if T is some uncountable subset of R.

Definition 3.11
A filtration {¥;},cr is a collection of o-algebras such that ¥; C F for every t < s, t,s € T.

Definition 3.12
Let X; be a stochastic process and ¥; be a filtration. We say that X; is adapted to F; or ¥;-
adapted if o (X;) C F; for all t.

Remark
In many cases, the filtration is not mentioned since we may consider the natural filtration
generated by X, through the definition ¥; = o ({X;|s < t}).

Definition 3.13
Let X, be a R-valued stochastic process. We say that X, is an ¥;-martingale if
(@ E[|X;]|] < oo.
(b) X;is Fi-adapted.
(c) X, = E[X|F] forall s > t.
We say that X, is a supermartingale if X; > E [ X;|F;] and submartungale if X, < E [ X;| 7]

forall s > t.

Remark

X; is a martingale if and only if X; is both a submartingale and a supermartingale.

Proposition 3.14

Let X, be a discrete time stochastic process.
(@) If X,, > E [ X,,41|Fn] for all n, then X,, is a supermartingale.
) If X, < E[X,+1|] for all n, then X, is a submartingale.

Proof. The proof for (b) is similar to (a). We prove only the case (a). Let m > n.
E [Xin|Fn] = E [E [Xp|Fn-1]1F0] 2 E [Xn1]F] = - 2 E[X,|Fa] = X

Hence X, is a supermartingale. [ |
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Example (Random Walk)

Let & € L' be independent and identically distributed with E [£;] = 0. Set Xy = 0 and
X, = Xy_1+ &, for n € N. Clearly X, is adapted to the natural filtration F, generated by X,
and E [|X,]|] £ nE [|&]] < oo for given n. Also,

E [Xn+1|7_;l] =E [Xn + §n+1|7_71] = Xn.

Hence X, is a martingale.

Example (Quadratic Martingale)

Let &; be independent and identically distributed with E [£;] = 0 and E [512] = 02 < co. Put
Xy = Di<péi. Then M, = X3 —no? is a martingale. It is clear that M, is adapted to the natural
filtration F, generated by X,, and

E[IM,|]] <E[X?] + no? = 2n0? < .
Also,

E [My|Fal = E X2, - (n+ 1)0?|F| = E[X? + 281X, + €2, — (n + 1)0?|F

n+l
=X,%+0'2—(n+1)0'2 =M,.
Hence M, is a martingale.

Example (Exponential Martingale)

Let &; be independent and identically distributed with M(t) = E [exp(t&;)] < oo for given t.
Put X; = e’;‘,)[((tzé;i) and thus E [X;] = 1. Let M,, = [];.,, X;. M, is adapted to the natural filtration
¥, generated by X, and

i<n

E[Im)] =E|] |

i<n

=[[EX]1=1

i<n

Also,
E [Mn+1|ﬁ] =M,E [Xn+1|?~n] =M, E [Xn+1] =M,.

Hence M, is a martingale.

Lemma 3.15
Let X; be a F;-martingale and ¢ is a function such that E [|¢(X;)|] < o.

(a) If ¢ is convex, then ¢(X;) is a submartingale.

(b) If ¢ is concave, then ¢(X;) is a supermartingale

Proof. The proof for (b) is similar to (a). We only prove the case (a). Let s > t.

E [p(X)|Fi] 2 o(E [X|F7]) = ¢(Xi).
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Hence ¢(X;) is a submartingale. [

Lemma 3.16
Let X; be a stochastic process and ¢ is a increasing function such that E [|¢(X;)|] < oo.

(@) If X; is a F;-submartingale and ¢ is convex, then ¢(X;) is a F;-submartingale.

(b) If X; is a F;-supermartingale and ¢ is concave, then ¢(X;) is a F;-supermartingale.

Proof. For (a), let s > 1.
E [o(X)|F] 2 ¢(E [X,|F:]) = o(X0).

Hence ¢(X;) is a submartingale.

For (b),
E [o(Xo)|71] < ¢(E [X]F]) < o(X0).
Hence ¢(X;) is a supermartingale. [
Definition 3.17

Let X, be a stochastic process and F, be the filtration generated by X,. A stochastic process
H, is said to be predictable if H,,1 is F,-adapted.

Definition 3.18
Let X, Y, be two discrete-time stochastic processes. The discrete-time stochastic integral

is defined as
(X-Y)u= > Xi(Yi = Y1),

i<n
Theorem 3.19
If X, is a F,-supermartingale and H, > 0 is predictable and is bounded for each n. Then

(H - X), is a supermartingale.

Proof. First, it is clear that (H - X),, is F,-adapted since the discrete-time stochastic integral
is a function of (Hy, ... Hy,, Xo, . . . , X»). Second, since H, is bounded, say by c;,

E(H - X)ll < Y EIH] X - Xall < ) cimax2 B[] < o0
i<n i<n -

for given n since X, is a supermartingale and satisfies that X,, € £!. Finally,
E[(H - X)n+1|Fa]l = (H - X)n + E [Hps1(Xnse1 — Xn) [Tl
= (H : X)n + Hn+1 E [Xn+1|f1] - Hn+1Xn
< (H ' X)n + Hy1 Xy — Hyp1 X = (H : X)n-
Hence (H - X), is a supermartingale. [

Remark
If we instead assume that X, is a F,-submartingale, then (H - X), is a submartingale. Fur-

thermore, if X, is a F,-martingale, then for every predictable H,, (H - X), is a martingale.
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Definition 3.20
A random variable T € T is a stopping time if {t <t} € F,.

Example (Hitting Time)
Let X; be a stochastic process and F; be the natural filtration generated by X;. The hitting
timeof Aist=inf{s € T | X; € A}. Then 7 is a stopping time.

Proposition 3.21
Suppose that 71 and 19 are stopping times with respect to ;. Then 11 A 7o and 71 V To are

stopping times.

Proof. Notice that
{fiAT<t}={r<t}U{rn<t}eF, and {rnnVrn<tt={nn<t}n{rn<t}eF.

Hence 71 A 70 and 71 V 79 are stopping times. [ ]

Remark
In particular, since any constant n is also a stopping time, n A T is a stopping time provided

that 7 is. The conclusion from theorem 3.19 also applies to the strategy of the form H,, = Hyp..

Theorem 3.22 (Martingale Convergence Theorem)
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4., Stochastic Processes

4.1. Poisson Process
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